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Preface

These lecture notes have been prepared for the 2022 MTS/IEEE Oceans Conference
and Exposition in Chennai, India. They provide a brief review of the fundamental
principles of the nonlinear control of marine vehicles. The intended audience is
masters students, PhD students and practitioners who possess, at minimum, some
prior experience with the automatic control of linear time invariant systems at the
undergraduate student level.

A set of six lectures is provided. Each lecture is intended to take approximately
40-50 minutes, so that the entire tutorial session will take approximately five hours.
Lecture 1 provides a physical motivation for focusing on nonlinear control, a brief
description of some common approaches to the structure of marine guidance, nav-
igation and control systems, as well as an introduction to their kinematics and dy-
namics. Lecture 2 introduces important stability concepts needed for the analysis of
nonlinear systems. An introduction to the control of underactuated systems is pro-
vided in the Lecture 3. Then feedback linearization and backstepping, sliding mode
control and adaptive control are introduced in lectures 4-6, respectively.

A list of references and a set of illustrative exercises is provided at the end of
each lecture.

The lecture notes draw heavily from the author’s textbook Control of Marine Ve-
hicles [1]. The author gratefully acknowledges the kind permission of the publisher
Springer to reproduce figures, use excerpts from the book in manuscript form, and
to reuse selected problems. Please note that unless otherwise indicated each figure
was reproduced from this book.

Bolzano, Italy Karl von Ellenrieder
February 2022
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Lecture 1

Introduction

Abstract The architecture of a typical guidance, navigation and control system for
marine vehicle systems is discussed. Conventional notations and approaches to the
dynamic modeling of marine vehicle systems are presented.

1.1 Overview

Approximately 70% of the Earth’s surface is covered by water. The range of environ-
mental conditions that can be encountered within that water is broad. Accordingly,
an almost equally broad range of marine vehicles has been developed to operate on
and within conditions as disparate as the rough, cold waters of the Roaring Forties
and the Furious Fifties in the Southern Hemisphere; the relatively calm, deep waters
of the Pacific; and the comparatively warm, shallow, silty waters of the Mississippi
and the Amazon rivers.

Here, we will refer to any system, manned or unmanned, which is capable of
self-propelled locomotion or positioning at the water’s surface, or underwater, as a
marine vehicle1. Thus, this term will be used interchangeably to mean boat, ves-
sel, ship, semi-submersible, submarine, autonomous underwater vehicle (AUV), re-
motely operated vehicle (ROV), etc.

The main problem in marine vehicle control is to find a way to actuate a vehicle
so that it follows a desired behavior as closely as possible. The vehicle should ap-
proximate the desired behavior, even when affected by uncertainty in both its ability
to accurately sense its environment and to develop control forces with its actua-
tors (e.g. propellers or fins), as well as, when the vehicle is acted upon by external
disturbances, such as current, waves and wind.

1 Some authors similarly use the term marine craft in deference to the use of the term vehicle to
represent a land-borne system.

1



2 1 Introduction

1.2 Automatic Control

A system is called a feedback system when the variables being controlled (e.g. po-
sition, speed, etc.) are measured by sensors, and the information is fed back to the
controller such that it can process and influence the controlled variables.

Example 1.1. Fig. 1.1 shows a boat trying to maintain a fixed position and heading
on the water (station keeping). Imagine that we set up the system to keep the boat as
close as possible to the desired position. Without any control, either human control
or machine control, the boat is likely to deviate further and further away from the
desired position, possibly because of the action of wind, currents or waves. Thus,
this system is inherently unstable. The system being controlled, which is the boat in
this example, is often called either the plant or the process. If a human boat captain
were present, you could say that the captain is playing the role of the controller.
One of the purposes of a controller is to keep the controlled system stable, which in
this case would mean to keep the boat near the point hd . The task of keeping the
combined system consisting of a plant and controller stable is called stabilization.

N,xn

E,yn
x̃
ỹ

�


xd
yd

�
= 0

xb

yb

y

Fig. 1.1 Station–keeping about the desired pose (position and orientation) hd = [xd yd yd ]
T
= 0.

Here, h := [xn yn y]
T , where xn and yn are the North and East components, respectively, of the

vessel’s position and y is the angle between xb and N. The error in position and heading is h̃ =

hd �h . When hd = 0, the pose error is h̃ =�h .

Two possible approaches to stabilizing the system include open–loop control and
closed–loop control:

• Open loop control: This would correspond to: 1) performing a set of detailed
experiments to determine the engine throttle and steering wheel positions that
keep the boat located at hd for the expected environmental conditions; 2) setting
the boat to hd , and 3) setting the engine throttle and steering wheel to their ex-
perimentally determined positions and hoping that the boat maintains the correct
position and heading, even when the environmental conditions vary. As sudden or
temporary changes in the environmental conditions (disturbances), such as wind
gusts, cannot be predicted, this approach is unlikely to work well. In general, one
can never stabilize an unstable plant using open–loop control.
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• Closed loop control: This would correspond to using some sort of feedback, such
as a human captain monitoring a GPS receiver, to obtain a measure of how well
the boat is maintaining the desired position and setting the engine throttle or
turning the steering wheel, as needed, to keep the boat in the correct location.
As a human captain would use information from the output of the system (the
boat’s actual position relative to the desired position) to adjust the system input
(the positions of the engine throttle and steering wheel), closed–loop control is
also called feedback control.

Automatic control is simply the use of machines as controllers. As mentioned
above, the plant is the system or process to be controlled. The means by which the
plant is influenced is called the input, which could be a force or moment acting on
the boat, for example. The response of the plant to the input is called the output,
which would be the deviation of the boat from the desired position and heading.
In addition to the input, there are other factors that can influence the output of the
plant, but which cannot be predicted, such as the forces and moments generated by
wind gusts or waves. These factors are called disturbances. In order to predict the
behavior of the plant, a model of the plant dynamics is needed. This model may be
generated using physical principles, by measuring the output response of the plant to
different inputs in a process known as system identification, or from a combination
of these approaches.

In the human feedback system the captain has to perform several subtasks.
He/she has to observe the boat’s position and compare it to the measured GPS lo-
cation, make decisions about what actions to take, and exercise his/her decision
to influence the motion of the boat. Normally, these three stages are called sensing,
control and actuation, respectively. If we replace the human captain with a machine,
we need a sensor, a controller and an actuator. As with the human controlled sys-
tem, the sensor measures a physical variable that can be used to deduce the behavior
of the output, e.g. the deviation of the boat from the desired position and heading.
However, with machine control, the output of the sensor must be a signal that the
controller can accept, such as an electrical signal. The controller, often a computer
or electrical circuit, takes the reading from the sensor, determines the action needed
and sends the decision to the actuator. The actuator (e.g. the propeller and rudder)
then generates the quantities which influence the plant (such as the forces and mo-
ments needed push the boat towards the desired position). A block diagram of a
stabilizing closed–loop controller is shown in Fig. 1.2.

ut

Example 1.2. Consider another example of maneuvering a boat, as shown in Fig. 1.3.
Here, the boat is following a desired, time-dependent, trajectory against a persistent
wind so that its speed follows an external command, such as a varying speed limits
along a coastal marine channel. There are two subtasks in this example. The first is
following the desired trajectory without the wind. This problem is called tracking.
The second is the reduction (or elimination) of the effects of the wind on the speed
and position of the boat. This problem is called disturbance rejection. The overall
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Output

Feedback

Sensor

Controller Plant

Input

Fig. 1.2 Structure of a feedback system for stabilization purposes.

problem, encompassing both tracking and disturbance rejection, is called regulation.

• Open–loop control: This could correspond to adjusting the positions of the steer-
ing wheel and throttle according to a precomputed position profile and the wind
conditions along different sections of the trajectory, obtained from an accurate
weather forecast. One can imagine that the scheme will not work well, since any
error in the precomputed position profile or the weather forecast will cause errors
in the actual trajectory of the boat.

• Closed–loop control: This could correspond to adjusting the steering and engine
throttle according to the measured position and speed of the boat. Since we can
steer, accelerate or decelerate the boat in real time, we should be able to control
the position, speed and heading of the boat to within a small margin of error. In
this case it is not necessary to precisely know the environmental conditions.

ut

One can see that the main difference between regulation and stabilization is that
there is a command signal, also called a reference input, in the regulation prob-
lem. The reference input needs to be processed, in addition to other signals, by the
stabilizing controller. The structure of a feedback system for regulation is shown
in Fig. 1.4. Another difference between regulation and stabilization is that in the
regulation problem, the disturbance is often assumed to be persistent and has some
known features, such as being piecewise constant. Whereas in the stabilization prob-
lem, the disturbance is assumed to be unknown and temporary in nature. The study
of stabilization is important because there are many stabilization problems of impor-
tance for marine engineering, such as the station keeping problem above, but also
because it is a key step in achieving regulation.
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Fig. 1.3 A surface vessel tracking a desired trajectory hd (dashed curve). Here, h := [xn yn y]
T ,

where xn and yn are the North and East components, respectively, of the vessel’s position and
the heading angle y is the angle between xb and N. The error in position and heading is h̃ =

hd �h . The trajectory may be time-parameterized hd(t) with continuous derivatives, which could
also define desired translational and rotational velocities, and desired translational and rotational
accelerations, for example.

1.3 Typical Guidance, Navigation and Control Architectures of

Marine Vehicles

Systems designed to govern the motion of marine vehicles (as well as air-/space-
craft, cars, etc.) are typically organized along the functional lines of guidance, nav-
igation and control (GNC). A block diagram of a typical GNC system for marine
vehicles is shown in Fig. 1.5. The navigation system uses sensors to estimate the ve-
hicle’s position, velocity and acceleration, in addition to other knowledge about the
state of the vehicle, such as the available propulsive power. Based upon information
from the navigation system, and with knowledge of the vehicle’s desired operat-
ing condition, the guidance system generates a trajectory. When planning a route
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P
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Fig. 1.4 Structure of a feedback controller for regulation.

some guidance systems may use data on weather conditions, sea states, or other
information that could affect the vehicle’s progress that has been obtained through
communication with satellites or remote ground stations. Lastly, the vehicle’s con-
trol system uses the data input from both the guidance and navigation systems to
generate output commands to the vehicle’s actuators (propellers, fins, etc.) so that
the vehicle follows the desired trajectory as closely as possible.

Based upon its inputs, the guidance system determines a set of waypoints (in-
termediate target coordinates) that the vehicle should follow. The guidance system
also includes a reference computing algorithm, which is sometimes also called a
trajectory planner, that generates a smooth feasible trajectory through the desired
waypoints based upon the vehicle’s dynamic model, its current position and orien-
tation, obstacles or other traffic and the amount of power available.

Sensors commonly found in the navigation systems of marine vehicles include
radar, global positioning system (GPS) units, inertial measurement units (IMUs),
and electronic compasses. GPS measurements typically include vehicle position,
speed and heading. Depending on the number of measurement axes available, IMUs
can measure the linear and angular accelerations of the vehicle, and also its rota-
tional rates. The outputs of these sensors can be noisy or have drop-outs where a
signal is lost from time to time. For example: 1) underwater vehicles can only ac-
quire GPS positioning information at the surface where they can receive signals
from GPS satellites; 2) smaller boats are low to the water and when operating in
rough seas radar contacts can fade in and out; and 3) the Earth’s magnetic fields
around bridges or large metallic underwater structures can be distorted, affecting the
outputs of the magnetometers used in electronic compass systems. To mitigate these
effects, navigation systems often employ state estimators, also called observers, that
use a combination of redundant sensor inputs and/or computational models of the
vehicle’s performance to approximate the true state of the vehicle. The vehicle state
information that is output from the navigation system is used as a feedback signal
to the vehicle control system.

The control system includes a controller and control allocation system. The input
to the controller can be combinations of desired position, speed, heading, acceler-
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ation, etc. Its output is basically a set of anticipated forces and moments that must
be applied to the vehicle, as shown in Fig. 1.5) in order for it to achieve the desired
behavior. A control allocation system is then used to determine which available ac-
tuators (propellers, fins, etc.) should be powered to produce the required forces and
moments and to translate the desired forces/moments into actuator commands, such
as propeller RPM or fin angle. As it may be possible for more than one combina-
tion of actuators to produce the same set of required control forces and moments,
the control allocation system often optimizes the choice of actuators to minimize
the power or time required to perform a desired maneuver. Note that several differ-
ent types of controllers may need to be used on the same vehicle, depending upon
its operating condition. For example, a vehicle may be required to transit from one
port to another, during which time an autopilot (speed and heading controller) is
employed. Later it might need to hold position (station–keep) while waiting to be
moored, during which time a station–keeping controller may be employed. Systems
developed to switch from one type of controller to another, which may have a differ-
ent dynamic structure, are called switched- or hybrid-control systems. The system
used to select the appropriate controller is known as a supervisor.

Guidance System Control System Plant

Navigation System

State Estimator

Reference Computing Algorithm

Controller

Control Allocation

Actuators

Vehicle

Sensors

WaypointGenerator

External Disturbances

Mission Objectives

Operator Input

Power Management

Weather Information

Tra�c Information

Fig. 1.5 A typical Guidance, Navigation and Control System used for marine vehicles.

1.4 Dynamic Modeling of Marine Vehicles

As discussed in Section 1.2, the goal of feedback control is to either stabilize the out-
put of a controlled dynamic system about a desired equilibrium point, or to cause a
controlled system to follow a desired reference input accurately, despite the path that
the reference variable may take, external disturbances and changes in the dynamics
of the system. Before designing a feedback controller, we must construct a math-
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ematical model of the system to be controlled and must understand the dynamic
responses expected from the closed–loop system, so that we reasonably predict the
resulting performance. Thus, the design of any feedback system fundamentally de-
pends on a sufficiently accurate dynamic model of the system and an appropriate
estimate of the closed–loop system’s dynamic response.

Thus, the first step in the design of a controller is the development of a suitable
dynamic model of the system to be controlled. In addition to physical modeling
based on first principles, such as Newton’s 2nd Law or the use of Lagrange’s Energy
Methods for mechanical systems. There are also System Identification techniques
that utilize experimental data to determine the parameters in, and sometimes the
structure of, the dynamic model of a system.

In this text, we will usually assume that a dynamic model of the system to be con-
trolled has already been developed and focus on how the equations that govern the
system’s response can be analyzed. However, especially when working with nonlin-
ear and/or underactuated systems, an understanding of the underlying dynamics of
a system can assist with controller design. In this vein, some of the basic principles
involved in modeling marine vehicle systems are summarized in this section. More
detailed information on the dynamic modeling of marine systems can be found in
the following references [8, 1, 7, 3, 4].

It is traditional to split the study of the physics of motion of particles and rigid
bodies into two parts, kinematics and kinetics. Kinematics generally refers to the
study of the geometry of motion and kinetics is the study of the motion of a body
resulting from the applied forces and moments that act upon its inertia.

1.4.1 Kinematics of Marine Vehicles

The key kinematic features of interest for the control of marine vessels are the vehi-
cle’s position and orientation; linear and angular velocities; and linear and angular
accelerations. Controlling the trajectory of a system is an especially important ob-
jective in robotics and unmanned vehicle systems research, where the position and
orientation of a vehicle are often referred to as its pose. When developing a dy-
namic model of a marine vehicle, it is common to specify its position with respect
to a North-East-Down (NED) coordinate system, which is taken to be locally tan-
gent to the surface of the Earth. As shown in Fig. 1.6a, the NED system is fixed at
a specific latitude and longitude at the surface of the Earth and rotates with it. Note
that the NED frame is not an inertial frame, as it is rotating. Thus, strictly speaking,
there are forces arising from the centripetal and Coriolis accelerations caused by the
Earth’s rotation that act on the vehicle. However, at the speeds that marine vehicles
typically travel, these forces are generally much smaller than gravitational, actuator
and hydrodynamic forces (such as drag) and so are typically ignored in the equa-
tions of motion. However, as we shall see below, there are centripetal and Coriolis
effects that arise from the vehicle’s rotation about its own axes. Under certain oper-
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a)

E

N

D

b)

xb

yb

zb

E, yn
N, xn

D, zn

p

c)

h

N, xn

E, yn

xb

yb

Fig. 1.6 a) The NED coordinate system referenced to an Earth–fixed, Earth–centered coordinate
system. b) An underwater vehicle referenced with respect to the NED coordinate system. c) A
surface vehicle referenced with respect to the NED coordinate system. Note the motion of surface
vessels can typically be assumed to lie within the plane of the N–E axes.

ational conditions, for example when forward and rotational speeds of a vehicle are
significant, these effects must be included in a vessel’s equations of motion.

The position of the vehicle in NED coordinates is given by

p
n
b/n =

2

64
xn

yn

zn

3

75 , (1.1)
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where we use the superscript n to indicate that the position is in NED coordinates
and the subscript b/n to indicate that we are measuring the position of the vehicle
(body) with respect to the NED ‘n-frame’. Similarly, the orientation of the vehicle
is given by

Qnb =

2

64
f
q
y

3

75 , (1.2)

where f is defined as the roll angle about the xb axis, q is the pitch angle about the
yb axis, and y is the yaw angle about the zb axis. These angles are often referred to
as the Euler angles and are a measure of the cumulative angular change over time
between the NED and body-fixed coordinate systems (Fig. 1.7). Note that the origin
of the body-fixed coordinate systems shown here has been taken to be the center
of gravity G (center of mass) of the vehicle. In some applications it may be more
convenient to locate the origin of the coordinate systems elsewhere, such as at the
center of buoyancy B of a vehicle or at a position where measurements of a vehicle’s
motion are collected, such as the location of an IMU. According to D’Alembert’s
Principle, the forces acting on rigid body can be decomposed into the linear forces
applied at the center of gravity of the body and rotational torques applied about the
center of gravity [6]. Because of this, when the origin of the coordinate system is not
located at the center of gravity additional terms must be included in the equations of
motion to determine the local accelerations and velocities in the body-fixed frame,
which arise from externally applied forces and moments.

xb, u (surge), X

yb, v (sway), Y

zb, w (heave), Z

p, K

q, M

r, N

G
B

Fig. 1.7 A body-fixed coordinate system with its origin located at the center of gravity G of an
Autonomous Underwater Vehicle (AUV).

As shown in Fig. 1.7, the coordinate along the longitudinal (surge) axis of the
vehicle is xb, the coordinate along the transverse (sway) axis is yb and the coordinate
along the remaining perpendicular (heave) axis is zb. The velocity of the vehicle
measured in the body fixed frame is given by
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v
b
b/n =

2

64
u
v
w

3

75 , (1.3)

and the angular velocity of the vehicle in the body–fixed frame is

wb
b/n =

2

64
p
q
r

3

75=

2

64
ḟ
q̇
ẏ

3

75 . (1.4)

Here, p is the roll rate about the xb axis, q is the pitch rate about the yb axis and r is
the yaw rate about the zb axis. As also shown in Fig. 1.7, the external linear forces
acting on a marine vehicle are written as

f
b
b =

2

64
X
Y
Z

3

75 . (1.5)

and the corresponding external moments are given by

m
b
b =

2

64
K
M
N

3

75 . (1.6)

The generalized motion of an unmanned vehicle has six degrees of freedom
(DOF), three translational (linear) and three rotational. We can write the full six
DOF equations in vector form by introducing the generalized position h , velocity v

and force t , each of which has six components

h =

"
p

n
b/n

Qnb

#
=

2

666666664

xn

yn

zn

f
q
y

3

777777775

, (1.7)
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v =

"
v

b
b/n

wb
b/n

#
=

2

666666664

u
v
w
p
q
r

3

777777775

, (1.8)

and

t =

"
f
b
b

m
b
b

#
=

2

666666664

X
Y
Z
K
M
N

3

777777775

. (1.9)

Remark 1.1. The use of mathematical symbols for making definitions or as-
sumptions shorter is very common in the robotics and control literature. A
short list of some of the symbols commonly encountered is given in Table 1.1.

Table 1.1 Common mathematical symbols used in robotics and control.

Symbol Meaning

2 an element of
⇢ a subset of
8 for every
9 there exists
R the set of real numbers
R+ the set of positive real numbers
Z the set of integers
) implies

Remark 1.2. In robotics and control research it is often important to keep track
of the dimensions and ranges of the components of each vector involved. Typi-
cally, the components of vectors, such as speed and position, are defined along
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the set of both positive and negative real numbers and so the dimensions of
such vectors are specified as p

n
b/n 2 R3, v

b
b/n 2 R3, f

b
b 2 R3, and m

b
b 2 R3,

for example. However, the principal values of angular measurements have a
limited range, e.g. 0  f < 2p , and so are often specified as Qnb 2 S3, where
S := [0,2p).

Coordinate system conventions for surface vehicles

Unmanned and manned underwater vehicles, such as AUVs and submarines, typi-
cally employ the body–fixed coordinate system convention shown in Fig. 1.7. How-
ever, the study of the motion of surface vehicles also includes an examination of their
response to wave and wind conditions at the water’s surface. In the fields of Naval
Architecture and Marine Engineering, these surface conditions are often known as a
seaway. Traditionally, the dynamic modeling of surface vehicles has been split into
separate disciplines known as seakeeping and maneuvering (e.g. [8, 7, 3]). Maneu-
vering calculations generally examine the dynamic response of a vessel when mov-
ing through calm, flat seas and with an eye towards understanding its course-keeping
ability and trajectory. Maneuvering calculations do include the wave-making re-
sistance of the vessel (i.e. the drag on the hull generated when the vehicle moves
through calm water and creates waves). Seakeeping calculations on the other hand
typically examine a vessel’s linear and angular displacements from a nominal tra-
jectory when disturbed by the waves already present in a seaway. Seakeeping calcu-
lations are typically split into Froude-Kryloff forces caused by the pressure field of
waves impacting the hull of a ship, as well as, the ‘radiation forces’developed from
the ship’s own motion [2].

Although, there have been some recent efforts to merge the analyses performed
in these two similar disciplines, e.g. [13, 10, 12], the nomenclature and modeling
conventions used have traditionally differed slightly, which can lead to confusion.
Maneuvering studies have often used a body-fixed coordinate system analogous to
that used with underwater vehicles, such as in Fig. 1.8a, with its origin at G, the
positive sway axis pointing out of the starboard side of the vessel, and the positive
heave axis pointing towards the bottom of the vehicle.

However, in place of the NED plane, seakeeping studies often use a coordinate
system with its origin at the centroid of the vessel’s waterplane and translating at
the vessel’s nominal constant forward speed (the dashed x–y–z frame in Fig. 1.8b).
A second, body–fixed frame, is used to specify the wave-induced displacement of
the vessel h from the x–y–z frame (the xb–yb–zb frame in Fig. 1.8b). In the xb–yb–
zb coordinate system the positive heave axis points upward, the positive surge axis
points forward and the positive sway axis points towards the port side of the vessel.
In this text, we shall always use the traditional maneuvering body–fixed coordinate
system convention shown in Figs. 1.7 and 1.8a.
Coordinate System Transformations

When the orientation and position of a marine vehicle changes, the representation
of its inertial properties, the inertia tensor, is constant if expressed in a body–fixed
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a)

xb, u (surge), X

yb, v (sway), Y

zb, w (heave), Z

p, K

q, M

r, N

G
B

b)

⌘
xb

zb

x

z

Fig. 1.8 a) A traditional maneuvering body–fixed coordinate system. b) A conventional sea–
keeping body–fixed frame.

coordinate system. Thus, the use of body–fixed coordinate systems can substan-
tially simplify the modeling and dynamic simulation of a vehicle. However, one of
the main objectives of vehicle simulations is to predict the time–dependent position
and orientation of a vehicle in a real operating space, which is usually specified
in a NED coordinate system. In order to determine position and orientation in the
NED frame, the velocity of the vehicle in body–fixed coordinates must be converted
to NED coordinates and integrated in time. Therefore, it is important to understand
how one can perform coordinate transformations to express the velocity vector com-
ponents in multiple reference frames. Coordinate system transformation techniques
are equally important in other instances, for example when converting the repre-
sentation of forces/moments generated by a vectored thruster from a thruster–fixed
coordinate system, where the relation between the orientation of the flow entering
the thruster and the forces/moments generated is most easily modeled, to a vehicle
body–fixed coordinate system, where the thruster forces/moments are best repre-
sented during dynamic simulation.

Consider the motion of a boat in the NED coordinate system, as shown in
Fig. 1.9a. Here we will assume that the motion is confined to the N–E plane and
restricted to three degrees of freedom, which include rotation about the D axis mea-
sured with respect to N and linear translations in the N–E plane. Here the course
(trajectory) of the boat is represented as a dashed curve. At each time instant the
velocity vector U is tangent to the course. The course angle c , is the angle between
U and N. Note that, in general, the bow of the vessel does not need to point in the
same direction as the velocity vector. The angle between the xb axis of the vessel,
which usually points through its bow, and N is called the heading angle y . When
c and y differ, the angle between them is known as the drift angle b (sometimes
also called either the sideslip angle or, especially in sailing, the leeway angle), and
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the component of velocity perpendicular to the longitudinal axis of the boat v (sway
speed) is called the sideslip.

a)

N , xn

E, yn

xb

yb

U

�

 

�

course

N

b)

N , xn

E, yn

xb

yb

U

 

 
v

u

Fig. 1.9 a) 3 DOF maneuvering coordinate system definitions. b) Resolution of the velocity vector
components in the NED and body–fixed frames.

An examination of the velocity vector U in both the body–fixed and the NED
coordinate systems, as shown in Fig. 1.9b, allows one to see how the velocity vector
expressed in components along xb and yb can be converted to components in the
NED frame. Writing the NED frame velocity components ẋn and ẏn in terms of the
u and v components of the body–fixed frame gives

ẋn = ucosy � vsiny, (1.10)
ẏn = usiny + vcosy, (1.11)

which can be rewritten in vector form as
✓

ẋn
ẏn

◆
=


cosy �siny
siny cosy

�✓
u
v

◆
. (1.12)

Here, in equation 1.12 the matrix in square brackets transforms vectors expressed
in NED coordinates into a vector expressed in body–fixed frame coordinates. In this
relatively simple example, one can see that the coordinate transformation can be
thought of as a rotation about the D axis. In three dimensions, the same transforma-
tion matrix can be expressed as

Rzb,y =

2

4
cosy �siny 0
siny cosy 0
0 0 1

3

5 , (1.13)
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where the subscript z,y is used to denote a rotation in heading angle y about the zb
axis.

Generally, a three dimensional transformation between any two coordinate sys-
tems can be thought of as involving a combination of individual rotations about the
three axes of a vehicle in body–fixed coordinates. In this context, the heading angle
y , pitch angle q and roll angle f of the vehicle are Euler angles, and the transfor-
mations corresponding to rotation about the pitch and roll axes can be respectively
represented as

Ryb,q =

2

4
cosq 0 sinq
0 0 1

�sinq 0 cosq

3

5 , (1.14)

and

Rxb,f =

2

4
1 0 0
0 cosf �sinf
0 sinf cosf

3

5 . (1.15)

In order to determine the transformation between any arbitrary total rotation be-
tween the body–fixed coordinate system and the NED frame, we can use the prod-
uct of the transformation matrices. For example, the complete transformation for an
orientation that can be represented as first a rotation in heading and then a rotation
in pitch would be given by the product Ryb,q Rzb,y . As shown in Example 1.3 below,
the order in which the rotations are performed is important.

Example 1.3. Consider the successive rotations of a surface vessel, as shown in
Fig. 1.10. The final orientation of the vessel after successive +90� rotations in roll
first and then pitch, will be different from the final orientation of the vessel after
successive +90� rotations in pitch first and then roll. From a mathematical stand-

a) b) c)

xb

zb

zb

yb

xb

yb

Fig. 1.10 Successive +90� rotations of the boat shown in1.8a: a) Initial orientation. b) Final ori-
entation after roll first and then pitch. c) Final orientation after pitch first and then roll.

point, this is the result of the fact that matrix operations do not commute, such that
in general Ryb,q Rzb,y 6= Rzb,y Ryb,q .

ut
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Remark 1.3. As the order of the sequence of rotations is important, in both the
fields of marine vehicle maneuvering and aeronautical/astronautical engineer-
ing it has become accepted practice for the heading angle y to be taken first,
the pitch angle q to be taken secondly, and lastly the roll angle f to be taken.

Thus, the transformation matrix corresponding to a general three dimensional
rotation between two coordinate systems is defined as

R
n
b(Qnb) := Rzb,y Ryb,q Rxb,f

=

2

4
cycq �sycf + cysqsf sysf + cysqcf
sycq cycf + sysqsf �cysf + sysqcf
�sq cqsf cqcf

3

5 ,
(1.16)

where c(·) and s(·) are used to represent the cos(·) and sin(·) functions, respectively.
Despite the complicated appearance of the rotation matrices, they have some nice

mathematical properties that make them easy to implement, and which can be used
for validating their correct programming in simulation codes. Rotation matrices be-
long the special orthogonal group of order 3, which can be expressed mathemati-
cally as R

n
b(Qnb) 2 SO(3), where

SO(3) := {R|R 2 R3⇥3, where R is orthogonal and det(R) = 1}. (1.17)

The term det(R) represents the determinant of R. In words, this means that rotation
matrices are orthogonal and their inverse is the same as their transpose R

T
= R

�1,
so that RR

T
= RR

�1
= 1, where 1 is the identity matrix

1 :=

2

4
1 0 0
0 1 0
0 0 1

3

5 . (1.18)

Use of the transpose can make it very convenient to switch back and forth between
vectors in the body–fixed and the NED frames, e.g.

ṗ
n
b/n = R

n
b(Qnb)v

b
b/n, (1.19)

and
v

b
b/n = R

n
b(Qnb)

T
ṗ

n
b/n. (1.20)

When the Euler angles are limited to the ranges

0  y < 2p, �p
2
< q <

p
2
, 0  f  2p, (1.21)
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any possible orientation of a vehicle can be attained. When q = ±p/2, y and f
are undefined, as no unique set of values for them can be found. This condition,
wherein the angular velocity component along the xb axis cannot be represented in
terms of the Euler angle rates [6], is known as gimbal lock. Marine surface vehi-
cles are unlikely to encounter scenarios in which gimbal lock can occur, however,
it is possible for it to occur with ROVs, AUVs or submarines undergoing aggres-
sive maneuvers. In such cases, the kinematic equations could be described by two
Euler angle representations with different singularities and the singular points can
be avoided by switching between the representations. Alternatively, the use of unit
quaternions for performing coordinate transformations, instead of Euler angles, can
be used to circumvent the possibility of gimbal lock (see [4]).

Definition 1.1 (Time derivative of R
n
b and the cross product operator S(l )).

When designing controllers for marine vehicles it is often necessary to compute
the time derivative of the rotation matrix R

n
b. A convenient way to do this is to use

the cross product operator. Let l := [l1 l2 l3]
T and a be a pair of vectors. The cross

product between l and a can be expressed as

l ⇥a = S(l )a, (1.22)

where S is

S(l ) =�S
T
(l ) =

2

4
0 �l3 l2
l3 0 �l1
�l2 l1 0

3

5 . (1.23)

Then, the time derivative of the rotation matrix that transforms vectors between the
body-fixed and the NED reference frames is

Ṙ
n
b = R

n
bS(wb

b/n), (1.24)

where

S(wb
b/n) =�S

T
(wb

b/n) =

2

4
0 �r q
r 0 �p
�q p 0

3

5 . (1.25)

ut

Since the orientation between the NED frame and the body–fixed coordinate
system can change as a vehicle maneuvers, the relation between the rate of change
of the Euler angles Q̇nb and the angular velocity of the vehicle wb

b/n requires the use
of a special transformation matrix TQ (Qnb). As shown in [6], the angular velocities
associated with changes in the Euler angles ḟ , q̇ and ẏ are not perpendicular to
one another. Another way of thinking about this is that the Euler rotations are not
taken about orthogonal body axes, but about axes which change during the rotation
process [7]. Projecting Q̇nb along the directions of the components of the angular
velocity vector wb

b/n, gives
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p = ḟ � ẏ sinq

q = q̇ cosf + ẏ sinf cosq

r = �q̇ sinf + ẏ cosf cosq ,

(1.26)

or in vector form wb
b/n = T

�1
Q (Qnb)Q̇nb, where

T
�1
Q (Qnb) =

2

664

1 0 �sq

0 cf cqsf

0 �sf cqcf

3

775 . (1.27)

Inverting the relations in equations 1.26, gives

ḟ = p+(qsinf + r cosf) tanq

q̇ = qcosf � r sinf

ẏ = (qsinf + r cosf)secq ,

(1.28)

or in vector form Q̇nb = TQ (Qnb)wb
b/n so that

TQ (Qnb) =

2

6664

1 sf tq cf tq

0 cf �sf

0
sf
cq

cf
cq

3

7775
, (1.29)

where t(·) := tan(·). Note that T
T 6= T

�1.

The Kinematic Equations

Putting it all together, the full six DOF kinematic equations relating the motion of a
marine vehicle in the NED coordinate system to its representation in the body–fixed
coordinate system can be written compactly in vector form as

ḣ = JQ (h)v, (1.30)

which, in matrix form, corresponds to
 

ṗ
n
b/n

Q̇nb

!
=

"
R

n
b(Qnb) 03⇥3

03⇥3 TQ (Qnb)

# 
v

b
b/n

wb
b/n

!
, (1.31)

where 03⇥3 is a 3⇥3 matrix of zeros,

03⇥3 :=

2

4
0 0 0
0 0 0
0 0 0

3

5 . (1.32)
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When studying the stability of submarines, it is common to assume that the mo-
tion is constrained to a vertical plane, with only surge, heave and pitch motions.
Similarly, in many instances the motion of surface vehicles can be assumed to be
constrained to the horizontal plane with only three degrees of freedom: surge, sway
and yaw. Maneuvering stability for these cases is presented in [7], for example. For
surface vehicles, the three DOF kinematic equations reduce to

ḣ = R(y)v, (1.33)

where R(y) = Rzb,y (see equation 1.13) and

h =

0

@
xn
yn
y

1

A , and v =

0

@
u
v
r

1

A . (1.34)

1.4.2 Kinetics of Marine Vehicles

From a control design standpoint, the main goal of developing a dynamic model of
a marine vehicle is to adequately describe the vehicle’s dynamic response to envi-
ronmental forces from waves, wind or current and to the control forces applied with
actuators, such as fins, rudders, and propellers. The complete equations of motion
of a marine vehicle moving in calm, flat water can be conveniently expressed in
body-fixed coordinates using the robot-like model of Fossen [4]

ḣ = J(h)v (1.35)

and
Mv̇+C(v)v+D(v)v+g(h) = t +wd , (1.36)

where the first equation describes the kinematics of the vehicle (as above) and the
second equation represents its kinetics. The terms appearing in these equations are
defined in Table 1.2. Here n is the number of degrees of freedom. In general, a
marine craft with actuation in all DOFs, such as an underwater vehicle, requires a
n = 6 DOF model for model-based controller and observer design, while ship and
semi-submersible control systems can be designed using an n = 3, or 4 DOF model.

The terms M, C(v) and D(v) have the useful mathematical properties shown in
Table 1.3. These symmetry properties can be exploited in controller designs and
stability analyses.
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Table 1.2 Variables used in (1.35) and (1.36).

Term Dimension Description

M Rn ⇥Rn Inertia tensor (including added mass effects)
C(v) Rn ⇥Rn Coriolis and centripetal matrix (including added mass effects)
D(v) Rn ⇥Rn Hydrodynamic damping matrix
g(h) Rn Gravity and buoyancy (hydrostatic) forces/moments
J(h) Rn ⇥Rn Transformation matrix
v Rn Velocity/angular rate vector
h Rn Position/attitude vector
t Rn External forces/moments (e.g. wind, actuator forces)
wd Rn Vector of disturbances

Table 1.3 Mathematical properties of M, C(v) and D(v).

M = M
T > 0 ) x

T
Mx > 0,8x 6= 0

C(v) =�C
T
(v)) x

T
C(v)x = 0,8x

D(v)> 0 ) 1
2 x

T
[D(v)+D

T
(v)]x > 0,8x 6= 0

Remark 1.4. Notice that the velocity, inertial terms and forces in (1.36) are
computed in the body-fixed coordinate system. This substantially simplifies
the modeling and dynamic simulation of marine vehicle motion because the
representation of the inertia tensor is constant when expressed in a body–fixed
coordinate system.

An important advantage of representing the equations of motion in this
form is that it is similar to that used for robotic manipulators (see [11], for
example), which permits one to draw upon a wealth of control and stability
analysis techniques developed for more general robotics applications.

Remark 1.5. The inertia tensor M includes the effects of added mass. These are
additional terms added to the true mass, and mass moments of inertia, of a marine
vehicle to account for the pressure-related effects acting on the submerged portions
of its hull when it accelerates. These pressure-related effects cause forces, which
are proportional to the acceleration of the vehicle, and are hence conceptualized to
be associated with the effective mass of fluid surrounding the vehicle, which is also
accelerated, when the vehicle is accelerated [9].

When a vehicle is operating in a current, or in waves, the equations of motion
must be modified slightly. In a current, the hydrodynamic forces (added mass and
drag) become dependent on the relative velocity between the vehicle and the sur-
rounding water. When a surface vehicle operates in waves, some of the added mass
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and hydrodynamic damping terms are dependent on the encounter frequency of the
vessel with the waves and must be altered accordingly. As mentioned above, we
will we will normally assume that the dynamic model of the system to be controlled
(1.36) has already been developed and focus on how the equations that govern the
system’s response can be analyzed to design a controller. Detailed descriptions of
how maneuvering models can be developed for marine vehicles are presented in the
following texts [8, 1, 2, 7, 3, 4].

1.5 Why Study Nonlinear Control?

Marine environments are generally complex, unstructured and uncertain. The dis-
turbances affecting a marine vehicle caused by wind, waves and currents are time
varying and generally unpredictable.

Not only are the characteristics of the environment complex, but the dynamics
of marine vehicles themselves is usually highly nonlinear. Consider how the wave
drag of a surface vessel (also called the residuary resistance RR) varies with its
speed U and length L, which is typically characterized using the Froude number
Fr :=U/

p
gL, as shown in the figure below. Even within a narrow range of operating

conditions (e.g. 0  Fr  0.6), the wave drag can vary substantially.

Fig. 1.11 An example of how the residuary resistance (wave-making resistance) of a hull varies
with Froude number [14]. Here RR is normalized by the displacement D (weight) of the vessel.

As the speed of a surface vessel increases, the hydrodynamic response of its
hull changes substantially because the physical processes involved in generating
the lift force that supports the vehicle’s weight are Froude number dependent. The
dynamics of the lift force transition from a response that can be characterized as:

a) hydrostatic displacement — generated mainly by the buoyancy arising from
the weight of the water displaced by the underwater portion of the hull, i.e.
Archimedes’ Principle, (Fr  0.4), to
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b) semi-displacement — generated from a combination of buoyancy and hydrody-
namic lift (0.4  Fr  1�1.2), to

c) planing — generated mainly by hydrodynamic lift (1�1.2  Fr).

When a surface vessel operates across a range of Froude numbers the draft of the
hull (sinkage) and its trim (pitch angle of the hull) can vary substantially, causing
large changes in its drag characteristics.

Normally, the hydrodynamics of the main hull of a marine vessel and its actua-
tors (fins, rudders and propellers) are characterized separately [5]. This can lead to
uncertainty in the dynamic response of the vessel, for which correction factors are
often used. At the same time nonlinear interactions (vortex shedding from lifting
surfaces, such as rudders and fins, and complex changes in the flow around the hull
caused by propellers and thrusters) between the actuator and main body of the ves-
sel are almost always present. Such interactions may not always be captured well
when fixed parameters are used in the maneuvering equations of motion.

Further, complex, nonlinear hydrodynamic interactions can also arise when a
vessel operates at/near the surface, where its damping depends on the encounter
frequency (speed/direction-adjusted frequency) of incident waves [2, 3], near the
seafloor, where pressure effects can change vessel dynamics, or when multiple ve-
hicles operate near one another. For example, a significant component of the drag
of a surface vessel operating in a seaway depends on the heights and frequencies
of the waves it traverses. As the encounter frequency of the waves depends on the
speed and orientation of the vessel, the drag can vary substantially depending on the
relative angles between waves and vehicle (normally, control design is performed
using the maneuvering equations, which assume calm flat water with no waves).

Finally, marine vessels are almost never operated in the configuration or at the
operating conditions for which they were designed. Thus, the dynamics for which
their control systems were originally developed may often no longer apply.

In short, the dynamics of marine vehicles are highly uncertain, both in terms
of the model coefficients used (parametric uncertainties) and the equations that
describe them (e.g. there are often unmodeled dynamics, called unstructured un-
certainties). The dynamics are also generally nonlinear and time-varying. When
coupled with the fact that the external environment imposes time varying and un-
predictable disturbances on a vehicle, it becomes clear that the application of special
robust nonlinear control techniques, which have been specifically developed to han-
dle time varying nonlinear systems with uncertain models, can help to extend the
range of safe operating conditions beyond what is possible using standard linear
control techniques.

In the remainder of these lecture notes, we will explore some of the basic tools
of nonlinear control and their application to marine systems. The following topics
are covered:

• Lyapunov and Lyapunov-like stability analysis techniques for nonlinear systems;
• feedback linearization and integrator backstepping;
• the control of underactuated systems;
• adaptive control; and
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• sliding model control, including higher order sliding mode observers and differ-
entiators.
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Problems

1.1. Some common feedback control systems are listed below.

(a) Manual steering of a boat in a harbor.
(b) The water level controlled in a tank by a float and valve.
(c) Automatic speed control of an ocean–going ship.

For each system, draw a component block diagram and identify the following:

• the process
• the actuator
• the sensor
• the reference input
• the controlled output
• the actuator output
• the sensor output

1.2. AUVs can only acquire GPS signals when they are at the surface. When un-
derwater, they often use a method known as dead-reckoning to estimate their lo-
cation (when high precision acoustic positioning measurements are not available).
The technique involves combining measurements of their orientation with measure-
ments, or estimates, of their speed. When operating near the seafloor, speed can be
measured using a sensor known as a Doppler velocimetry logger (DVL). When be-
neath the surface, but too far above the seafloor for a DVL to function, the speed can
be estimated based on knowledge of the correlation between open loop propeller
commands and steady state speed. AUVs surface periodically, as their missions
permit, to correct the dead-reckoning position estimate using a GPS measurement.
Sketch a block diagram depicting this process.

1.3. A vectored thruster AUV uses a gimbal-like system to orient its propeller so
that part of the propeller thrust T can be directed along the sway and heave axes
(Fig. 1.7) of the vehicle. As shown in Fig. 1.12, let the pitch angle of the the gimbal
be qp ⌧ 1 and the yaw angle be yp ⌧ 1. If the thrust of the propeller lies along the
symmetry axis of the propeller duct, use the Euler transformation matrices (1.13)–
(1.14) to show that the torques produced by the propeller in the vehicle reference
frame are

t =

2

4
K
M
N

3

5⇡�lT

2

4
0
qp
yp

3

5 ,

where l is the distance between the center of mass of the AUV and the propeller.

1.4. Find the rotation matrix corresponding to the Euler angles f = p/2, q = 0 and
y = p/4. What is the direction of the xb axis relative to the NED frame?
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Fig. 1.12 An AUV with a vectored thruster.
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Lecture 2

Stability: Basic Concepts

Abstract Here we examine basic stability concepts and methods for analyzing the
stability of nonlinear systems. Lyapunov’s Direct (Second) Method and LaSalle’s
Invariant Set Theorem are introduced, together with some common approaches
for the determination of candidate Lyapunov functions. The concepts of ultimate
boundedness and practical stability are introduced for the analysis of time-varying
systems with exogenous disturbances. Lastly, the use of Barbalat’s Lemma for ana-
lyzing the stability of systems with time-varying parameters is discussed.

2.1 The Stability of Marine Systems

One of the most important questions about the properties of a controlled system is
whether or not it is stable: does the output of the system remain near the desired
operating condition as the commanded input condition, the characteristics of any
feedback sensors and the disturbances acting on the system vary?

For marine systems the question of stability can be especially critical. For ex-
ample, unmanned underwater vehicles are often used to make measurements of the
water column over several hours. When they are underwater, it can be difficult to lo-
calize and track them precisely. If their motion is not robustly stable to unknown dis-
turbances, e.g. salinity driven currents under the polar ice caps, strong wind driven
currents, etc. the error in their trajectories could grow substantially over time, mak-
ing their recovery difficult or sometimes impossible. Anyone who has witnessed a
team of oceanographers nervously pacing the deck of a research vessel while anx-
iously watching for a 2 m UUV to return from the immense blackness of the ocean,
with significant research funds and countless hours of preparation and time invested
its return, can appreciate the importance of knowing that the vehicle’s motion is
predictable and that one can be reasonably confident in its safe retrieval.

As another example, consider the motion of a large ship. When moving at design
speed, some large ships can take more than 10 minutes and require several kilome-
ters to stop or substantially change direction. The ability to precisely control a ship

27
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near populated coastlines, where there could be underwater hazards such as reefs
and rocks, is extremely important for ensuring the safety of the lives of the people
aboard the ship, as well as for ensuring that the risks of the substantial economic
and environmental damage that could occur from a grounding or collision are mini-
mized.

2.2 Basic Concepts in Stability

Many advanced techniques have been developed to determine the stability of both
linear and nonlinear systems. However, before embarking on a detailed description
of the stability analysis techniques typically applied in control systems engineering
practice, we can gain some insight into the stability of controlled systems by first
exploring some relatively simple graphical approaches that exploit the simplicity of
plotting the trajectories of the state variables in phase space [14, 10, 7].

A state space input–output system has the form

ẋ = F(x,u), y = h(x,u), (2.1)

where x = {x1, . . . ,xn}2Rn is the state, u 2Rp is the input and y 2 Rq is the output.
The smooth maps F : Rn ⇥Rp ! Rn and h : Rn ⇥Rp ! Rq represent the dynamics
and feedback measurements of the system. Here, we investigate systems where the
control signal is a function of the state, u=a(x). This is one of the simplest types of
feedback, in which the system regulates its own behavior. In this way, the equations
governing the response of a general nth–order controlled system can be written as
a system of n first order differential equations. In vector form, this equation can be
written as

ẋ = F(x,a(x)) := f(x), (2.2)

and in the corresponding component form, as

ẋ1 = f1(x1, . . . ,xn)

...

ẋn = fn(x1, . . . ,xn).

(2.3)

We will start by qualitatively exploring some basic stability concepts using graphical
approaches, and then proceed to analytical approaches for analyzing the stability of
systems in Sections ??–2.8. The graphical representations in phase space of systems
with n > 2 can be computationally and geometrically complex, so we will restrict
our attention to first order n = 1 and second order n = 2 systems. Further, we will
assume that f is a smooth, real–valued, function of x(t) and that f is an autonomous
function f = f(x), i.e. it does not explicitly depend on time f 6= f(x, t).
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2.3 Flow along a line

To start, consider a one–dimensional system ẋ = f (x) and think of x as the posi-
tion of an imaginary particle moving along the real line, and ẋ as the velocity of
that particle. Then the differential equation represents a vector field on the line —
it dictates the velocity vector at each point x. To sketch the vector field we can plot
ẋ versus x and then add vectors to the real line so that at each point of the x–axis,
the direction of the vector at that point is determined by the sign of ẋ. The vectors
give the trajectory of the imaginary particle on the real axis. Points where ẋ = 0
correspond to positions where the particle does not move, i.e. fixed points, which
represent equilibrium solutions of the differential equation. An equilibrium solution
corresponds to a stable fixed point if the velocity vectors on both sides of it point
towards the fixed point. Conversely, an equilibrium solution corresponds to an un-
stable fixed point if the velocity vectors on both sides of it point away from the fixed
point. Note that if the velocity vectors on either side of the fixed point differ in sign
(point in opposite directions) the assumption that f (x) is a smooth function would
be violated. Here, we’ll represent stable fixed points with filled circles and unstable
fixed points with open circles, as in Example 2.1 below (after [14]).

Example 2.1. Consider the system ẋ = x2 �1. To find the fixed points and examine
the stability of the system, we can plot x versus ẋ, as shown in Fig. 2.1. We can
see that the fixed points occur at the locations x = ±1. Adding velocity vectors to
the x–axis we can see that an imaginary particle would travel to the left for |x| < 1
and to the right for |x| > 1. Thus, the point x = +1 is an unstable fixed point and
the point x = �1 is a stable fixed point. Note that the notion of stable equilibrium
is based on small disturbances. A small disturbance to the system at x = �1 will
return the system to x = �1. However, a disturbance that knocks the system from
x = �1 to the right of x = 1 will send the system out to x ! +•. Thus, x = �1 is
locally stable.

ut

Example 2.2. Consider the system ẋ = sin(x+p/4)�x. An approach to graphically
analyzing its stability would be to plot the function f (x) = sin(x+ p/4)� x and
then sketch the associated vector field. An easier approach is to find the equilibrium
point where ẋ = 0 by separately plotting y1 = x and y2 = sin(x+p/4) on the same
graph and looking for any intersection points where ẋ = y2 � y1 = 0. When this is
done, as in Fig. 2.2, it can be seen that this system has a single equilibrium point.
It can also be seen that when the line y1 = x is above the curve y2 = sin(x+p/4),
ẋ < 0, and when y1 = x is below the curve y2 = sin(x+p/4), ẋ > 0. Thus, the fixed
point is a stable equilibrium point. Here, the fixed point is globally stable because it
is approached from all initial conditions.

ut
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Fig. 2.1 One dimensional phase diagram of the system ẋ = x2 �1.
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Fig. 2.2 Graphical approach to finding the stability of the system ẋ = sin(x+p/4)� x.

2.3.1 Linear 1D Stability Analysis

Linearization about a desired operating point xe of a controlled system can be used
to determine a more quantitative measure of stability than provided by graphical
approaches. To accomplish this we can perform a Taylor series expansion of the
differential equation about xe. Let h be a small perturbation away from xe, such
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that h(t) = x(t)� xe. Thus, near the point xe, ḣ = ẋ = f (x) = f (xe +h) and using
Taylor’s expansion gives

f (xe +h) = f (xe)+h f 0(xe)+
1
2

d2 f
dx2

����
x=xe

h2
+ · · ·+ 1

n!
dn f
dxn

����
x=xe

hn,

= f (xe)+h f 0(xe)+O(h2
),

(2.4)

where “Big–O“ notation O(h2
) is used to denote quadratically small terms in h

and f 0(x) := d f/dx. We can think of the desired operating point, or set point of our
system as a fixed point of the differential equation governing the controlled system,
f (xe). Assuming that the O(h2

) terms are neglegible in comparison, we may use
the linear approximation

ḣ ⇡ h f 0(xe). (2.5)

With the initial condition h(t = 0) = h0, the solution to this equation would be

h = h0e f 0(xe)t . (2.6)

Thus, we can see that if f 0(xe) > 0 the perturbation h grows exponentially and de-
cays if f 0(xe)< 0. Thus, the sign of the slope f 0(xe) determines whether an operating
point is stable or unstable and the magnitude of the slope is a measure of how stable
the operating point is (how quickly perturbations grow or decay). When f 0(xe) = 0,
the O(h2

) terms are not negligible and a nonlinear analysis is needed.

Example 2.3 (Speed control of a surface vessel). As discussed in Section 1.2, one
of the main purposes of an automatic control system is to make a desired operating
point an equilibrium point of the controlled system, such that the system is stable at
that point. As much as possible, the controlled system should also be stable about the
operating point when external disturbances act on the system. Consider the speed
control of the boat shown in Fig. 2.3. The equation of motion is given by

mu̇ =�cu|u|+T, (2.7)

where u is speed, c is a constant related to the drag coefficient of the hull and T is
the thrust generated by the propeller. Here, we will use the concepts of flow along a
line and linearization to explore the stabilization problem of maintaining a desired
constant speed u= u0. We will compare the use of both open loop control and closed
loop control, as described in Example 1.1.

Starting with open loop control, suppose we performed a series of careful mea-
surements and found that when conditions are perfect, we can set the thrust to

T = cu0|u0|,

so that at steady state (when u̇ = 0), limt!• u = uss ! u0. By plotting the flow
of (2.7), we can see that it is globally stable (Fig. 2.4). However, we have assumed
that the conditions under which the boat is operating are perfect, meaning that there
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are no external disturbances acting on the system and that we have perfectly char-
acterized the drag-related coefficient c.

Suppose now that there is a very slowly varying external disturbance (for exam-
ple the boat could be moving into a strong headwind), which we will characterize
as a constant de. Additionally, assume that there is an uncertainty in the drag-related
coefficient, dc. Then, the open loop thrust will be set to

T = (c+dc)u0|u0|= cu0|u0|+dcu0|u0|

and (2.7) becomes

mu̇ =�cu|u|+ cu0|u0|+dcu0|u0|+de =�cu|u|+ cu0|u0|+d, (2.8)

where d is a constant that combines the external disturbances and the uncertainty
of the drag-related coefficient. Now, we can solve (2.8) to see that when u̇ = 0 and
u > 0, the steady state speed is

lim
t!•

u = uss =

q
u2

0 +d/c.

Owing to d, there will always be a speed error and with open loop control there is
no way to mitigate it (see Fig. 2.4).

Now, let’s explore the use of closed loop control and see if we can improve the
speed error caused by d. As explained in 1.1, closed loop control involves measuring
the output of the system and feeding it back to a controller, which produces a signal
related to the error between the desired output and the measured output. Here, we
want to control the system so that the steady state speed error (uss � u0) is small.
Let the thrust commanded by the closed loop controller be

T = cu0|u0|+dcu0|u0|� kp(u�u0), (2.9)

T cu|u|

u

de

Fig. 2.3 Speed control of a boat: u is speed, T is propeller thrust, cu|u| is hull drag and de is a
constant external disturbance force, such as wind drag.
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where kp > 0 is a controller design parameter called a proportional gain, that can be
used to tune the response of the system. Substituting this into (2.7) and accounting
for the constant external disturbance de, (2.7) becomes

mu̇ = �cu|u|+ cu0|u0|+dcu0|u0|� kp(u�u0)+de,

= �cu|u|+ cu0|u0|� kp(u�u0)+d.
(2.10)

For u > 0, the term u|u| can be linearized about the desired operating speed u0, to
get

u|u|= u2
= u2

0 +2u0(u�u0)+(u�u0)
2 ⇡ u2

0 +2u0(u�u0).

Substituting this into (2.10) gives

mu̇ ⇡ �c[u2
0 +2u0(u�u0)]+ cu2

0 � kp(u�u0)+d,

⇡ �(kp +2cu0)(u�u0)+d.
(2.11)

Now at steady state (u̇ = 0), we can solve for u to get

lim
t!•

u = uss = u0 +
d

kp +2cu0
= u0 +


de +dcu0|u0|

kp +2cu0

�
. (2.12)

The advantage of closed loop control, is that the effects of the external disturbance
de and parameter uncertainty dc can be now mitigated by picking a large value of
kp, such that

0 0.5 1 1.5
-0.5

0

0.5

1

Fig. 2.4 Open loop speed control without (d = 0) and with the effects of external disturbances and
parameter uncertainty (d = cu0|u0|/5).
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Fig. 2.5 Performance comparison of closed loop speed control and open loop speed control with
external disturbances and parameter uncertainty (d = cu0|u0|/5).


de +dcu0|u0|

kp +2cu0

�
! 0

and uss ! u0. Closed loop control with kp/(2cu0) = 10 and d = cu0|u0|/5 is shown
in Fig. 2.5. It can be seen that the system is stable and that the effect of kp is to
make the slope of u̇ very large near u/u0 = 1 so that the system is strongly driven
towards u = u0. Of course kp cannot be made infinitely large. From (2.9), it can be
seen that the thrust commanded from the controller is proportional to kp. From a
practical standpoint, there are limits to how much thrust a propeller can generate
(actuator saturation) and how quickly it can respond to changes in the commanded
thrust (actuator rate limits). As will be discussed later, it can be important to take
these actuator limits into account during controller design and stability analysis to
ensure that the controller behaves as expected.

ut

2.4 Phase plane analysis

The qualitative nature of nonlinear systems is important for understanding some
of the key concepts of stability. As mentioned above, the graphical representations
in phase space of systems with n > 2 can be computationally and geometrically
complex. Here we will restrict our attention to second order n = 2 systems, where
there are two state variables x 2 R2.
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As with our study of one dimensional systems in Section 2.3, we can think of a
differential equation

ẋ = f(x), (2.13)

as representing a vector field that describes the velocity of an imaginary particle in
the state space of the system. The velocity tells us how x changes.

For two dimensional dynamical systems, each state corresponds to a point in the
plane and f(x) is a vector representing the velocity of that state. We can plot these
vectors on a grid of points in the x = {x1,x2} plane, which is often called the state
space or phase plane of the system, to obtain a visual image of the dynamics of the
system. The points where the velocities are zero are of particular interest, as they
represent the stationary points or fixed points points: if we start at such a state, we
stay at that state. These points are essentially equilibrium points.

A phase portrait, or phase plane diagram can be constructed by plotting the flow
of the vector field corresponding to (2.13). For a given initial condition, this flow is
the solution of the differential equation in the phase plane. By plotting the solutions
corresponding to different initial conditions, we obtain a phase portrait.

The phase portrait can provide insight into the dynamics of a system. For exam-
ple, we can see whether all trajectories tend to a single point as time increases, or
whether there are more complicated behaviors. However, the phase portrait cannot
tell us the rate of change of the states (although, this can be inferred from the length
of the vectors in a plot of the vector field).

2.4.1 Linear 2D Stability Analysis

More generally, suppose that we have a nonlinear system (2.13) that has an equilib-
rium point at xe. As in Section 2.3.1, let h be a small perturbation away from xe,
such that h(t) = x(t)� xe. Thus, ḣ = ẋ = f(x) = f(xe +h). Computing the Taylor
series expansion of the vector field, as in Section 2.3.1, we obtain

ḣ = f(xe)+
∂ f

∂x

����
xe

h +O(hT h). (2.14)

Since f(xe) = 0, we write the linear approximation, or the linearization at xe, to the
original nonlinear system as

dh
dt

= Ah , where A :=
∂ f

∂x

����
xe

. (2.15)

The fact that a linear model can be used to study the behavior of a nonlinear system
near an equilirium point is a powerful one. For example, we could use a local linear
approximation of a nonlinear system to design a feedback law that keeps the system
near a desired operating point. Also note that, in general, a given dynamical system
may have zero, one or more fixed points xe. When using a phase portrait to analyze
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the stability of a system it is important to know where these fixed points are located
within the phase plane.

2.4.2 Classification of Linear 2D Systems

Here we will classify the possible phase portraits that can occur for a given A

in (2.15). The simplest trajectories in the phase plane correspond to straight line
trajectories. To start we will seek trajectories of the form

x(t) = el t
v, (2.16)

where v 6= 0 is a fixed vector to be determined and l is a growth rate, also to be
determined. If such solutions exist, they correspond to exponential motion along the
line spanned by the vector v.

To find the conditions on v and l , we substitute x(t) = el t
v into ẋ = Ax, and

obtain lel t
v = el t

Av. Cancelling the nonzero scalar factor el t yields

Av = lv. (2.17)

The desired straight line solutions exist if v is an eigenvector of A with correspond-
ing eigenvalue l .

In general, the eigenvalues of a matrix A are given by the characteristic equation
det(A�l1) = 0, where 1 is the identity matrix. If we define the elements of A, as

A =


a b
c d

�
,

the characteristic equation becomes

det(A�l1) =

����
a�l b

c d �l

���� .

Expanding the determinant gives

l 2
+ tl +D = 0, (2.18)

where
t =�trace(A) =�(a+d),

D = det(A) ad �bc.
(2.19)

Then the solutions of the quadratic characteristic equation (2.18) are

l1 =
�t +

p
t2 �4D
2

, l2 =
�t �

p
t2 �4D
2

. (2.20)

Thus, the eigenvalues only depend on the trace and the determinant of A.
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Most often, the eigenvalues are distinct, i.e. l1 6= l2. In this case, the corre-
sponding eigenvectors v1 and v2 are linearly independent and span the phase plane
(Fig. 2.6). Any initial condition x0 can be written as a linear combination of eigen-
vectors, x0 = c1v1 + c2v2, where v1 is the solution to (2.17) when l = l1 and v2 is
the solution to (2.17) when l = l2. Thus, the general solution for x(t) is

x = c1el1t
v1 + c2el2t

v2. (2.21)

The reason that this is the general solution is because it is a linear combination of

c2v2

c1v1

x0 = c1v1 + c2v2

Fig. 2.6 Eigenvectors in the phase plane.

the solutions to, (2.15), which can be written as ẋ = Ax and because it satisfies the
initial condition x(0) = x0, and so by the existence and uniqueness of solutions, it
is the only solution.

The types of critical points are classified on the chart shown in Fig. 2.7a: nodes,
foci, or saddles can be obtained [9]. The type of trajectory depends on the location
of a point defined by t and D on the t—D chart. When both of the eigenvalues
are real, either nodes or saddles are produced. When the eigenvalues are complex,
a focus is obtained. When t and D fall on one of the boundaries indicated by a
Roman numeral on the t—D chart, one of the following degenerate critical points
exists (Fig. 2.7b):

Case I) For this case D = 0. The critical point is known as a node-saddle. The
eigenvalues are given by l1 = 0 and l2 = t , and the general solution has
the form

x(t) = c1v1 + c2v2el2t

so that there will be a line of equilibrium points generated by v1 and an
infinite number of straight line trajectories parallel to v2.

Case II) This case occurs when the eigenvalues are repeated, l1 = l2. If the eigen-
vectors v1 and v2 are independent, the critical point is a star node and the
trajectories are straight lines. If the eigenvectors are not linearly inde-
pendent, the critical point is a node-focus with the solution trajectories
approaching/leaving the critical point tangent to the single eigenvector.
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Case III) The eigenvalues are purely imaginary, so that the trajectories correspond
to elliptical orbits about the critical point.

Case IV) Finally, in the last degenerate case both t = 0 and D = 0. This corre-
sponds to a system of either the form

"
ẋ1

ẋ2

#
=

"
0 a

0 0

#
,

or "
ẋ1

ẋ2

#
=

"
0 0

b 0

#
,

where a and b are constants. In this case, the trajectories are either
straight lines parallel to the x1-axis given by x1 = ac1t + c2, x2 = c1,
or straight lines parallel to the x2-axis given by x1 = c1, x2 = bc1t + c2.

Note that the when the eigenvectors are nonorthogonal, the resulting pattern of tra-
jectories is skewed in the directions of the eigenvectors, when compared to the same
case (node or saddle) with orthogonal eigenvectors (Fig. 2.8).
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Fig. 2.7 a) Classification of critical points on the t—D chart. b) Degenerate Critical points located
on the boundaries I, II, and III and origin IV of the the t—D chart.

Example 2.4. Consider the pitch stability of an autonomous underwater vehicle
(AUV) moving at a constant speed U (Fig. 2.9). Here we will explore the use
of active control to stabilize the system. When the pitch angle is non-zero, a
hydrodynamically-induced pitching moment, called the Munk moment, can arise [3].
If we assume the motion is confined to the xb–zb plane of the vehicle and neglect
drag, the dynamic equation of motion for pitch is

(Iy �Mq̇)q̈ = (Iy �Mq̇)q̇ =�U2 sinq cosq(Zẇ �Xu̇). (2.22)



2.4 Phase plane analysis 39

x2,v2

x1,v1

x2,v2

v1

x1

Fig. 2.8 A node with nonorthogonal eigenvectors v1, v2 (left) and orthogonal eigenvectors (right).

Here Iy and Mq̇ are the rigid-body mass and added mass moments of inertia about
the sway axis of the AUV. The pitch angle is q , q= q̇ is the pitch rate, and Zẇ and Xu̇
are the added mass in the heave (zb) and surge (xb) directions, respectively. Note that
the added mass coefficients are defined such that Mq̇ < 0, Zẇ, and Xu̇, in accordance
to the 1950 SNAME nomenclature for the dynamic modeling of underwater vehi-
cles [11]. For long slender vehicles that have a large length-to-diameter ratio, like a
typical AUV, |Zẇ|� |Xu̇|. An examination of (2.22) shows that when 0 < q < p/2
the Munk moment is proportional to the difference between the added mass coeffi-
cients Zẇ and Xu̇ and that it is a destabilizing moment. Positive pitch angles cause
a positive pitching moment, which increases the pitch angle, which causes a larger
pitching moment. Similarly, a negative pitch angle, produces a negative pitching
moment, which makes the pitch angle more negative, and so on. From a qualitative
perspective, we might expect the condition q = 0 to be unstable and the condition
q = p/2 to be stable. First consider the uncontrolled system. We can rewrite (2.22)

xb

zb

✓

U

Fig. 2.9 Pitch stability of an AUV-shaped body moving at speed U . The pitch angle is q .
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in vector form. Let

x =

 
q

q

!
,

then

ẋ =

0

B@
q

�U2

2
sin(2q)


Zẇ �Xu̇

Iy �Mq̇

�

1

CA= f, (2.23)

where we have used the trigonometric relation sin(2q) = 2sinq cosq . From (2.23),
it can be seen that the critical points, where ẋ = 0, are located at

xe1 =

 
np

0

!
and xe2 =

 
(2m+1)p/2

0

!
,

where n =±{0,1,2, . . .} and m =±{0,1,2, . . .} are integers.
We can start by examining the critical point xe1 for n = 0. The matrix A in (2.15)

can be found by taking the Jacobian of f at xe1

A :=
∂ f

∂x

����
xe1

=

0

BB@

∂ f1

∂x1

∂ f1

∂x2

∂ f2

∂x1

∂ f2

∂x2

1

CCA

��������
xe1

=

0

B@
0 1

�U2 cos(2q)


Zẇ �Xu̇

Iy �Mq̇

�
0

1

CA

�������
xe1=(0,0)

=

0

B@
0 1

�U2


Zẇ �Xu̇

Iy �Mq̇

�
0

1

CA .

Using (2.19), we can solve for t and D to get t = 0 and

D =U2


Zẇ �Xu̇

Iy �Mq̇

�
< 0,

(recall that Mq̇ < 0, Zẇ, and Xu̇). Based on Fig. 2.7a, we expect xe1 to be a saddle
point.

Using (2.20), we see that the eigenvalues are

l1,2 =±U

s

�Zẇ �Xu̇

Iy �Mq̇
.

The eigenvectors must satisfy (2.17), which can be rewritten as (A�l1)v = 0,
for each eigenvalue. Thus, we can solve the system
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0

B@
�l 1

�U2


Zẇ �Xu̇

Iy �Mq̇

�
�l

1

CA

 
v1

v2

!
=

 
0

0

!
,

to find the eigenvector corresponding to each eigenvalue. Let l1 be the positive
eigenvector, which gives

0

BBBB@

�U

s

�Zẇ �Xu̇

Iy �Mq̇
1

�U2


Zẇ �Xu̇

Iy �Mq̇

�
�U

s

�Zẇ �Xu̇

Iy �Mq̇

1

CCCCA

 
v1

v2

!
=

 
0

0

!
.

A non–trivial solution for v1 is

v1 =

 
v1

v2

!
=

0

BB@

1

U

s

�Zẇ �Xu̇

Iy �Mq̇

1

CCA .

Similarly, a solution for the other, negative, eigenvector l2 is

v2 =

 
v1

v2

!
=

0

BB@

1

�U

s

�Zẇ �Xu̇

Iy �Mq̇

1

CCA .

Thus, the solution to the system (2.23) linearized near xe1 = [0,0]T is

x = c1

0

BB@

1

U

s

�Zẇ �Xu̇

Iy �Mq̇

1

CCAel1 t
+ c2

0

BB@

1

�U

s

�Zẇ �Xu̇

Iy �Mq̇

1

CCAel2 t ,

where c1 and c2 are constants, which can be determined using an initial condition
for x. As the part of the solution containing l1 is unstable in time, trajectories depart
from the critical point along the corresponding eigenvector v1; the converse is true
for trajectories lying along the eigenvector corresponding to l2, v2.

Turning now to the critical point corresponding to m = 0, xe2 = [0,p/2]T , we
repeat the process above to find that t = 0 and

D =�U2


Zẇ �Xu̇

Iy �Mq̇

�
> 0.

Based on Figs. 2.7a–b, we expect xe2 to be a center. Using (2.20), we see that the
eigenvalues are
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l1,2 =± jU

s

�Zẇ �Xu̇

Iy �Mq̇
,

where j =
p
�1 is the imaginary number. A phase diagram of the unstabilized AUV

is shown in Fig. 2.10. Owing to the trajectory associated with the positive eigen-
value of the saddle point at q = 0, the pitch angle is unstable there. Small pitch
disturbances or initial conditions with |q | 6= 0 will grow and exhibit oscillations
about q =±p/2. The critical point topology is periodic and repeats at other values
of n and m. Note that the phase portrait is actually best represented on a cylindrical
manifold, and simply wraps around the manifold for the other values of n and m.

- /2 0 /2 3 /2
-

- /2

0

/2

q

Fig. 2.10 Pitch angle phase portrait for a AUV with unstabilized Munk moment. Critical points
at (q ,q) = (np,0), integer n = ±{0,1,2,3, . . .} are saddle points and critical points at (q ,q) =
((2m+1)p/2,0), integer m =±{0,1,2,3, . . .} are centers.

At low speeds, passive design features can be used to create a stabilizing moment
when q 6= 0. For example, by designing the AUV so that its center of buoyancy lies
along the zb axis directly above its center of gravity a stabilizing moment is passively
generated when q 6= 0. Another design strategy is to use fins near the stern of the
vehicle. The lift forces generated by the fins when q 6= 0 will passively generate
moments that stabilize the vehicle towards q = 0. The pitch stability obtained with
these approaches is explored in Problem ??.

Next, we will explore the use of active control to stabilize pitch. As shown in
Problem 1.3, a vectored thruster can be used to generate pitch moments by pivoting
the propeller so that its thrust has a component in the zb direction at the stern (see
Fig. 2.11). First, we will explore the use of a controller that produces a restoring
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torque �kpq , which is linearly proportional to the pitch angle, where kp > 0 is a
constant. This type of a controller is known as a proportional (P) controller. A P-
controller tends to act like a spring that pushes the response of a system towards a
desired equilibrium.

The governing equation for pitch becomes

(Iy �Mq̇)q̈ = (Iy �Mq̇)q̇ =�U2 sinq cosq(Zẇ �Xu̇)� kpq ,

so that

xb

zb

✓

U

T

Fig. 2.11 Pivoting the propeller to generate a pitching moment by tilting the thrust vector.

ẋ =

0

B@
q

�U2

2
sin(2q)


Zẇ �Xu̇

Iy �Mq̇

�
�

kp

Iy �Mq̇
q

1

CA= f. (2.24)

An inspection of (2.24) shows that an equilibrium point of the system will be at
xe = [0,0]T . The Jacobian evaluated at this critical point is

A =

0

B@
0 1

�U2


Zẇ �Xu̇

Iy �Mq̇

�
�

kp

Iy �Mq̇
0

1

CA

so that t = 0 and

D =
kp +U2

(Zẇ �Xu̇)

Iy �Mq̇
.

From Fig. 2.7a, it can be seen that to prevent the phase portrait from containing
saddle points (which have unstable trajectories), we require D > 0, so that
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kp >�U2
(Zẇ �Xu̇). (2.25)

For small angles, when sin(q)⇡ q , a second possible critical point could be located
at

x =

2

64
cos�1

✓
�

kp

U2
(Zẇ �Xu̇)

◆

0

3

75 .

However, the constraint (2.25) would make the argument of the cos�1
(·) term above

would be greater than 1, so that a second critical point cannot exist.
As shown in Fig. 2.12, the phase portrait will consist of a center at q = 0. If

an initial pitch angle is small, the vehicle will exhibit small pitch oscillations within
this small initial angle. While this behavior is an improvement over the uncontrolled
case, it could be unsuitable for many applications, such as using the AUV to acous-
tically map a section of the seafloor using a sidescan sonar. The pitch angle time

- /2 0 /2 3 /2
-

- /2

0

/2

q

Fig. 2.12 Pitch angle phase portrait for an AUV with unstable Munk moment counteracted by a
proportional controller. Critical points occur at (q ,q) = (np,0) and are centers. For initial pitch
angles 0 < |q |< p/2 solution trajectories oscillate around q = 0.

response for a typical AUV with an initial (large) pitch angle of p/3 is shown in
Fig. 2.13. As can be seen, the oscillations persist and would likely be unsuitable in
practice.

Lastly, we explore the effectiveness of adding a second feedback term, which is
linearly proportional to the derivative of the pitch angle, to the existing controller
so that the total control signal is �kpq � kd q̇ . This type of a controller is known as
a proportional derivative controller. The derivative term tends to act like a damping
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Fig. 2.13 Example pitch angle time response for an AUV with unstable Munk moment counter-
acted by a proportional controller.

factor. In a situation such as this, it could help to reduce the persistent oscillations
observed when using only the kp term.

The governing equation for pitch becomes

(Iy �Mq̇)q̈ = (Iy �Mq̇)q̇ =�U2 sinq cosq(Zẇ �Xu̇)� kpq � kd q̇ ,

so that

ẋ =

0

B@
q

�U2

2
sin(2q)


Zẇ �Xu̇

Iy �Mq̇

�
�

kpq + kd q̇
Iy �Mq̇

1

CA= f. (2.26)

An inspection of (2.26) shows that the equilibrium point of the system will be at
xe = [0,0]T . The Jacobian matrix at this critical point is

A =

0

BB@

0 1

�U2


Zẇ �Xu̇

Iy �Mq̇

�
�

kp

Iy �Mq̇
� kd

Iy �Mq̇

1

CCA

so that
t =

kd

Iy �Mq̇

and

D =
kp +U2

(Zẇ �Xu̇)

Iy �Mq̇
.

From Fig. 2.7a, it can be seen that if we select kd > 0 and

kp >�U2
(Zẇ �Xu̇)
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the phase portrait will be a stable focus centered at the critical point xe = [0,0]T
(see Fig. 2.14). The effect of the additional feedback term is to dampen the pitch
oscillations.
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/2

q

Fig. 2.14 Pitch angle phase portrait for an AUV with unstable Munk moment counteracted by a
proportional-derivative controller. Critical points occur at (q ,q) = (np,0) and are stable foci. For
initial pitch angles 0 < |q |< p/2 solution trajectories approach q = 0.
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Fig. 2.15 Example pitch angle time response for an AUV with unstable Munk moment counter-
acted by a proportional-derivative controller. For the values of kp and kd selected the pitch oscilla-
tions are damped out after a couple of oscillation cycles.
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Note that the main objective of this example is to demonstrate the link between
stability and control. As will be seen in the following chapters, many methods exist
for designing automatic controllers in order to meet specfic performance objectives.
The controller gains kp and kd are design parameters that could be tuned to produce a
desired performance. In this example their values have only been selected to explore
some basic stability concepts.

ut

2.5 Introduction of Nonlinear Stability Methods

The techniques required for the stability analysis of nonlinear systems are quite dif-
ferent from those of linear systems, as some of the familiar tools, such as Laplace
and Fourier Transforms, cannot be easily applied. The analysis of controlled nonlin-
ear systems is most often performed using concepts of Lyapunov stability. We will
mostly focus on Lyapunov’s Direct (Second) Method, which can be used to show
the boundedness of a closed loop system, even when the system has no equilibrium
points.

Generally, nonlinear stability theory consists of three main components: 1) def-
initions of the different kinds of stability, which provide insight into the behavior
of a closed loop system; 2) the different conditions that a closed loop system must
satisfy in order to possess a certain type of stability; and 3) criteria that enable one
to check whether or not the required conditions hold, without having to explicitly
compute the solution of the differential equations describing the time evolution of
the closed loop system. The conditions and criteria required to establish the various
types of stability are often presented in the form of mathematical theorems.

An engineering student encountering this approach of using a series of mathe-
matical definitions and theorems to characterize the nonlinear stability of a system
for the first time may find it daunting. However, a significant advantage of the ap-
proach is that such a series of mathematical statements can be used somewhat like
a lookup table, allowing one to fairly quickly isolate and characterize the stability
properties of a given nonlinear system by matching the criteria and conditions to the
specific problem at hand.

2.6 Stability of Time–Invariant Nonlinear Systems

Here we restrict our attention to time–invariant systems of the form

ẋ = f(x,u), x 2 Rn,u 2 Rp

y = h(x), y 2 Rq,
(2.27)
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where f is a locally Lipschitz continuous function. Generally, the control input will
be a function of the state so that u= u(x) and one could also simply write ẋ= f(x) to
represent the dynamics of a closed loop system. In this text, the notation f : Rn !Rn

will be used to indicate that the vector function f maps an n-dimensional vector, i.e.
x 2 Rn, into another n-dimensional vector, in this case ẋ 2 Rn.

Definition 2.1 (Lipschitz Continuous). A function f(x) is defined to be Lipschitz
continuous if for some constant c > 0,

kf(x2)� f(x1)k< ckx2 �x1k, 8 x1,x2,

where k•k denotes the 2-norm (Euclidean norm) of a vector. A sufficient condition
for a function to be Lipshitz continuous is that its Jacobian

A =
∂ f

∂x

is uniformly bounded for all x. When a function is Lipschitz Continuous, some-
times we simply say “the function is Lipschitz”. The constant c is referred to as the
Lipschitz constant.

The existence and uniqueness of a solution to (2.27) is guaranteed when f(x,u)
is Lipschitz. The following sections summarize the basics of nonlinear stability.
Excellent, detailed references on these topics, which focus on control theory, in-
clude [10, 7, 8].

2.6.1 Stability Definitions

Recall from Section 2.4 that equilibrium points correspond to fixed points, or sta-
tionary points, where ẋ = 0.

Definition 2.2 (Equilibrium Point). A state xe 2Rn is an equilibrium point of sys-
tem (2.27), if x(t) = xe for all t.

Therefore, at an equilibrium point

ẋ(t) = f(xe) = 0.

Remark 2.1. A linear system, e.g. ẋ = Ax has an isolated equilibrium point at x = 0
if all of the eigenvalues of A are nonzero (i.e. det(A) 6= 0). Otherwise, a linear
system will have a continuum of equilibrium points. On the other hand, a nonlinear
system can have multiple isolated equilibrium points.

Remark 2.2. For the purposes of conducting stability analysis for control design, it
is often more convenient to identify a new variable x̃ := (x� xe) when xe 6= 0 and
to rewrite the dynamics of the system (2.27) in the form
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˙̃x = f(x̃), x̃ 2 Rn (2.28)

so that the equilibrium point is x̃ = 0, than it is to use the original system (2.27) and
state variable x. In this context the new state variable x̃ is very often also simply
referred to as the state. Alternatively, it is also sometimes called the state error, an
error surface, or for tracking problems, i.e. when xe = xe(t), as the tracking error.

Definition 2.3 (Stable). Let the parameters d and e , where e > d > 0, be the radii
of two concentric n-dimensional “balls” (e.g. circles in two dimensions, spheres in
three dimensions, etc.), where n is the dimension of the state x 2Rn. In the sense of
Lyapuov, a point xe is a stable equilibrium point of the system (2.28), if for a given
initial condition x0 = x(t0), where kx0�xek= kx̃0k< d , the solution trajectories of
x(t) remain in the region e for all t > t0, i.e. such that kx(t)�xek= kx̃k< e, 8t > t0
(Fig. 2.16). In this case we will also simply say that the system (2.28) is stable.

e

d

xe

x0

Fig. 2.16 A graphical illustration of Lyapunov stability. The dashed curve represents the trajectory
of x(t) when x̃ is a solution of (2.28).

Definition 2.4 (Unstable). A system is unstable if it is not stable.

Note that stability is a property of equilibrium points. A given system may have
both stable and unstable equilibrium points. Also note that the Lyapunov definition
of the stability of an equilibrium point does not require the solution trajectories of
the system to converge to xe.

Definition 2.5 (Asymptotically Stable). The system (2.28) is asymptotically stable
if, 1) it is stable and 2) the solution trajectories of the state x converge to xe for initial
conditions sufficiently close to xe, i.e. a d can be chosen so that

kx0 �xek= kx̃0k< d ) lim
t!•

kx(t)�xek= lim
t!•

kx̃(t)k= 0.
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Definition 2.6 (Region of Attraction). The set of all initial states x0 = x(t0) from
which the trajectories converge to an equilibrium point xe is called the equilibrium
point’s region of attraction.

Definition 2.7 (Compact Set). A set of real numbers Bd = {x 2 R : kxk  d} is a
compact set if every sequence in Bd (such as a time dependent trajectory) has a
sub-sequence that converges to an element, which is again contained in Bd .

Definition 2.8 (Locally Attractive). If the system is not necessarily stable, but has
the property that all solutions with initial conditions x0 = x(t0) that lie within some
radius d of the equilibrium point xe converge to xe, then it is locally attractive. If
kx0 �xek= kx̃0k> d , the solution trajectories of x(t) might not converge to xe, or
even diverge.

Definition 2.9 (Exponentially Stable). An equilibrium point xe is exponentially
stable if there exist positive constants d , k and l such that all solutions of (2.28)
with kx0 �xek= kx̃0k  d satisfy the inequality

kx̃(t)k  kkx̃0ke�l t , 8t � t0. (2.29)

The constant l in (2.29) is often referred to as the convergence rate.

Remark 2.3. Exponential stability implies asymptotic stability, whereas asymptotic
stability does not imply exponential stability.

Definition 2.10 (Globally Attractive). Generally, the asymptotic stability and ex-
ponential stability of an equilibrium point are local properties of a system. However,
when the region of attraction of an equilibrium point includes the entire space of Rn,
i.e. d ! •, the equilibrium point is globally attractive.

Definition 2.11 (Globally Asymptotically Stable). An equilibrium point xe is glob-
ally asymptotically stable (GAS) if it is stable and the state x(t) converges to xe
(limt!• kx̃k! 0) from any initial state x0.

Definition 2.12 (Globally Exponentially Stable). An equilibrium point xe is glob-
ally exponentially stable (GES) if the state x(t) converges exponentially to xe
(limt!• kx̃k! 0) from any initial state x0.

2.6.2 Lyapunov’s Second (Direct) Method

Consider the nonlinear time-invariant system (2.28),

˙̃x = f(x̃), (x�xe) := x̃ 2 Rn

with a local equilibrium point xe, such that f(x̃ = 0) = 0.
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xe

x
x̃

D

V (x̃)

Fig. 2.17 A spherical neighborhood D of xe.

Definition 2.13 (Class Ck
functions). Let k be a non-negative integer, i.e. k 2 Z�0.

A function V is a class Ck function if the derivatives V 0,V 00, . . . ,V (k) exist and are
continuous.

In the following definitions we will take V : Rn ! R be a C1 function and
explore the properties of V within a neighborhood D of xe (Fig. 2.17).

Definition 2.14 (Positive Definite). The function V (x̃) is positive definite (PD) in D
if a) V (x̃ = 0) = 0 and b) V (x̃)> 0 for all x 2 D, x 6= xe.

Definition 2.15 (Negative Definite). Similarly, the function V (x̃) is negative defi-
nite (ND) in D if a) V (x̃ = 0) = 0 and b) V (x̃)< 0 for all x 2 D, x 6= xe.

Definition 2.16 (Positive Semidefinite). The function V (x̃) is positive semidefinite
(PSD) in D if a) V (x̃ = 0) = 0 and b) V (x̃) � 0 for all x 2 D, x 6= xe. I.e. V (x̃) can
be zero at points other than x = xe.

Definition 2.17 (Negative Semidefinite). The function V (x̃) is negative semidefi-
nite (NSD) in D if a) V (x̃ = 0) = 0 and b) V (x̃) 0 for all x 2 D, x 6= xe. Here, V (x̃)

can be zero at points other than x = xe.

Definition 2.18 (Radially Unbounded). The function V (x̃) is radially unbounded
if

lim
kxk!•

V (x̃)! •.

A Lyapunov function V , is an energy-like function that can be used to determine
the stability of a system. If we can find a non-negative function that always decreases
along trajectories of the system, we can conclude that the minimum of the function
is a locally stable equilibrium point. Let V (x̃) be radially unbounded and assume
that there exist two class K• functions a1, a2, such that V satisfies

a1(kx̃k)V (x̃) a2(kx̃k), 8x 2 D. (2.30)



52 2 Stability: Basic Concepts

For time-invariant systems V (x̃) is an implicit function of time t, such that the
time derivative of V , V̇ is given by the derivative of V along the solution trajectories
of (2.28), i.e.,

dV
dt

= V̇ (x̃) =
∂V
∂ x̃

f(x̃). (2.31)

The main result of Lyapunov’s stability theory is expressed in the following state-
ment.

Theorem 2.1 (Lyapunov Stability). Suppose that there exists a C1 function V :
Rn ! R which is positive definite in a neighborhood of an equilibrium point xe,

V (x̃)> 0,8x 2 D,x 6= xe, (2.32)

whose time derivative along solutions of the system (2.28) is negative semidefinite,
i.e.

V̇ (x̃) 0, 8x 2 D, (2.33)

then the system (2.28) is stable. If the time derivative of V (x̃) is negative definite,

V̇ (x̃)< 0, 8x 2 D,x 6= xe, (2.34)

then (2.28) is asymptotically stable. If, in the latter case, V (x̃) is also radially un-
bounded, then (2.28) is globally asymptotically stable.

Definition 2.19 (Weak Lyapunov Function). The function V is a weak Lyapunov
function if it satisfies (2.33).

Definition 2.20 (Lyapunov Function). The function V is a Lyapunov function if it
satisfies(2.34).

Theorem 2.1 is valid when V is merely continuous and not necessarily C1, provided
that (2.33) and (2.34) are replaced by the conditions that V is nonincreasing and
strictly decreasing along nonzero solutions, respectively.

A graphical illustration of Theorem 2.1 is shown in Fig. 2.18. Assume (2.33)
holds. Consider the ball around the equilibrium point of radius e > 0. Pick a positive
number b < minkx̃k=e V (x̃). Let d be the radius of some ball around xe, which is
inside the set {x : V (x̃) b}. Since V̇ (x̃) 0, V is nonincreasing along the solution
trajectories of x̃(t). Each solution starting in the smaller ball of radius d satisfies
V (x̃(t)) b, hence it remains inside the bigger ball of radius e .

From a geometric standpoint, the stronger condition that V̇ (x̃) < 0 in (2.34)
means that solution trajectories move to smaller and smaller values of V (Fig. 2.19).
If V̇ (x̃) is negative definite, limt!• kx̃k! 0 so that

lim
t!•

x(t)! xe.

Definition 2.21 (Candidate Lyapunov Functions). In order to apply Theorem 2.1
we must first choose a suitable Lyapunov function. In many cases a suitable function
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kx� xek= e

V (x̃) = b

kx� xek= d

xe

x0

V̇ < 0

Fig. 2.18 Lyapunov stability.

x̃1

V (x̃)

x̃2

V

—V

˙̃x
—V

V̇ =
∂V
∂ x̃

· ˙̃x = —V · ˙̃x

Fig. 2.19 Geometric illustration of Lyapunov’s Stability Theorem for time-invariant systems.
When V̇ (x̃)< 0, V (x̃) decreases along the trajectory.

is not known ahead of time and one may try one or more different possible func-
tions. In such cases, the trial functions are often referred to as Candidate Lyapunov
Functions.

Using Theorem 2.1 to examine the stability of a system in the form of (2.27)
about an equilibrium point xe is generally performed as follows:

1) A change of coordinates from x(t) to x̃ := (x(t)� xe) is used to transform the
system (2.27) into the form (2.28).

2) A candidate Lyapunov function V (x̃), which is PD in a neighborhood of x̃ = 0,
is identified.

3) The time derivative of the candidate Lyapunov function, V̇ (x̃), is computed along
system trajectories and checked to see if it is NSD or ND in the same neighbor-
hood.
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4) If the candidate Lyapunov function satisfies (2.32) and, either (2.33) or (2.34),
x̃ = 0 is a stable equilibrium point. Otherwise, no conclusion can be drawn about
the equilibrium point’s stability. However, the process can be repeated to see if a
different candidate Lyapunov function will work.

Remark 2.4. If a Lyapunov function V (x̃) is known to be admitted by a system,
additional functions can be generated using the relation

V̄ (x̃) = bV g
(x̃), b > 0,g > 1. (2.35)

2.7 Invariant Set Theorem

In many cases, it is preferable to know that the state of a marine vehicle can be
controlled so that the closed loop control system approaches a desired equilibrium
point, i.e. that the closed loop system is asymptotically stable. However, for nonlin-
ear systems, it is sometimes difficult to find a positive definite function V (x̃) whose
derivative is strictly negative definite. When applying Lyapunov’s Direct Method,
one may find that the time derivative of the chosen Lyapunov function V̇ (x̃) is only
negative semi definite (2.33), rather than negative definite. When this happens, one
can infer the stability of the closed loop system, but not the asymptotic stability of
the system to x̃ = 0. In such a situation, the Invariant Set Theorem may allow one to
analyze the stability of the system in more detail, without needing to identify a dif-
ferent Lyapunov function. Thus, the Invariant Set Theorem enables us to conclude
the asymptotic stability of an equilibrium point under less restrictive conditions,
which are easier to construct.

Definition 2.22 (Invariant Set). A set of states, which form a subset G ✓Rn of the
state space, is an invariant set of (2.28) if any trajectory starting from a point x̃0 2 G
always stays in G, i.e. if x̃(t) 2 G for all t � t0.

Recall that a state xe 2 Rn is an equilibrium point, if x(t) = xe for all t. Thus,
the notion of an invariant set is essentially a generalization of the concept of an
equilibrium point. Examples of invariant sets include equilibrium points and the
basin of attraction of an asymptotically stable equilibrium point.

The basic idea is that if V (x̃) > 0 (PD) and V̇ (x̃)  0 (NSD) in a neighborhood
of x̃ = 0, then if V (x̃) approaches a limit value, then V̇ (x̃)! 0, at least under certain
conditions.

Theorem 2.2 (LaSalle’s Local Invariant Set Theorem). For time-invariant sys-
tem (2.28), assume there exists a function V (x̃) 2 C1 such that

1. the region Wa = {x̃ 2 Rn : V (x̃) a} is bounded for some a > 0, and
2. V̇ (x̃) 0 in a

and define P, the set of points in Wa where V̇ (x̃) = 0, then any trajectory of the
system that starts in Wa asymptotically approaches M, the largest invariant set
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contained in P. A geometric interpretation of LaSalle’s Invariant Set Theorem is
illustrated in Fig. 2.20.

An immediate consequence of the theorem is the following corollary.

Corollary 2.1 (Local Asymptotic Stability). An equilibrium point of (2.28) is lo-
cally asymptotically stable if there exists a function V (x̃) 2C1 such that

1) V (x̃) is PD in a set D that contains x̃ = 0,
2) V̇ (x̃) is NSD in the same set,
3) the largest invariant set M in P (the subset of D where V̇ = 0) consists of x̃ = 0

only.

In addition, if the largest region defined by V (x̃) a , a > 0 and contained in D is
denoted as Wa , Wa is an estimate of the basin of attraction of x̃ = 0.

xe

V (x)

V (x) = a

x1

x2

V

x2

x1

V (x) = aWa

xe

M
P x0

Fig. 2.20 Geometric interpretation of Theorem 2.2 drawn in the original state coordinates
of (2.27).

Theorem 2.3 (LaSalle’s Global Invariant Set Theorem). For system (2.28), as-
sume there exists a function V (x̃) 2 C1 such that

1. V (x̃) is radially unbounded, and
2. V̇ (x̃) 0 in Rn,

then any trajectory of the system asymptotically approaches the set M, the largest
invariant set in P, the set of points of Wa where V̇ = 0.

Remark 2.5. The radial unboundedness of V (x̃) guarantees that any region Wa =

{x̃ 2 Rn : V (x̃)< a}, a > 0 is bounded.

There is also an additional corollary associated with Theorem 2.3.

Corollary 2.2 (Global Asymptotic Stability). An equilibrium point x̃ = 0 of (2.28)
is globally asymptotically stable if there exists a function V (x̃) 2C1 such that

1. V (x̃) is PD in any neighborhood of x̃ = 0 and radially unbounded
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2. V̇ (x̃) is NSD in any neighborhood of x̃ = 0
3. the largest invariant set M in P (the subset of D where V̇ = 0) consists of x̃ = 0

only.

Example 2.5. Let’s re-examine the problem in Example 2.4 of using a vectored
thruster to actively stabilize the pitch moment of an AUV (Fig. 2.21). Previously,
we explored the stability of the linearized system, i.e. its linear stability, near a
desired pitch angle of q = 0. Here, we will explore the nonlinear stability of the
system. Adding a control input u to (2.23), the closed loop equations of motion can
be written in the simplified form

q̇ = q,

q̇ = c0 sin(2q)+u,
(2.36)

where q is the pitch angle, q := q̇ is the pitch rate and c0 > 0 is a constant. When
u = 0, the open loop system has an unstable equilibrium point at q = q = 0. A
nonlinear controller of the form

u =�c0 sin(2q)� kpq � kdq, (2.37)

where the constants kp > 0 and kd > 0 are control gains, can be used to stabilize the
AUV at the origin x̃ = [q q]T = [0 0]T . To explore the closed loop stability of the
system, consider the following candidate Lyapunov function

V (x̃) =
1
2

q 2
+

1
2

q2.

Note that since q = q + 2pk, where k 2 Z is an integer, this Lyapunov function is
not radially unbounded. Thus, we will explore local stability for |q |< p/2.

The time derivative of V (x) is

xb (surge)

yb (sway)

zb (heave)

q, M

r, N

G

 p

✓p

T

l

Fig. 2.21 Use of a vectored thruster to control the pitch of an AUV.
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V̇ = qq̇ +qq̇

= qq +q[c0 sin(2q)+u]

= �(kp �1)qq� kdq2.

(2.38)

The second term of (2.38), �kdq2, is ND for any q. However, for kp > 1 first term
becomes positive when either q < 0 and q > 0, or q > 0 and q < 0. One could select
kp = 1, but it would then not be necessary for both q = 0 and q = 0 to obtain V̇ = 0.
Therefore, we cannot conclude the asymptotic stability of the closed loop system
to x̃ = 0 using Theorem 2.1 (recall the similar situation encountered in Example ??

above).
However, if we restrict our analysis to a small neighborhood of the origin Wa ,

a ⌧ p/2, then we can define

M := {(q ,q) 2 Wa : q = 0}

and we can compute the largest invariant set inside M. For a trajectory to remain in
this set we must have q = 0, 8t and hence q̇ = 0 as well. Using (2.36) and (2.37) we
can write the closed loop dynamics of the system as

q̇ = q

q̇ = �kpq � kdq,
(2.39)

so that q(t) = 0 and q̇ = 0 also implies both q = 0 and q̇ = 0. Hence the largest
invariant set inside M is x̃= [q q]T = [0 0]T and we can use LaSalle’s Local Invariant
Set Theorem (Theorem 2.2) to conclude that the origin is locally asymptotically
stable. A phase portrait of the closed loop system response is shown in Fig. 2.22 for
kp = 2, kd = 2 and x0 = [p 0]T .

- - /2 0 /2
-

- /2

0

/2

Fig. 2.22 Phase portrait of the stabilized AUV pitch angle.
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ut

2.8 Stability of Time–Varying Nonlinear Systems

Invariant set theorems only apply to time-invariant systems. Additional tools must
be used to determine the stability of a nonlinear time-varying system, e.g. an adap-
tive control system, or a system with exogenous (externally-generated) time-varying
disturbances.

Consider a time-varying differential equation of the form

ẋ = f(x, t), (2.40)

where f : Rn ⇥R�0 ! Rn.

Remark 2.6. As with nonlinear time-invariant systems, it is often convenient when
performing stability analyses of time-varying nonlinear systems to transform the
coordinates of the state variable x̃ := (x� xe) and to rewrite the dynamics of the
system (2.40) in the form

˙̃x = f(x̃, t), x̃ 2 Rn (2.41)

so that the equilibrium point of the transformed system is x̃ = 0.

Assumption 2.1. Let the origin x̃ = 0 be an equilibrium point of system (2.41) and
D ✓ Rn be a domain containing x̃ = 0. Assume that f(x̃, t) is piecewise continuous
in t and locally Lipschitz in x̃ (see Definition 2.1), for all t � 0 and x̃ 2 D.

When analyzing the stability of time-varying systems, the solution x(t) is depen-
dent on both time t and on the initial condition x0 = x(t0). Comparison functions
can be used to formulate the stability definitions so that they hold uniformly in the
initial time t0 [7]. An additional advantage to using comparison functions is that
they permit the stability definitions to be written in a compact way.

Definition 2.23 (Class K Functions). A function a : [0,a)! [0,•) is of class K
if it is continuous, strictly increasing, and a(0) = 0.

Definition 2.24 (Class K• Functions). If

lim
r!•

a(r)! •, (2.42)

then a is a class K• function.

Definition 2.25 (Class KL Functions). A continuous function b : [0,a)⇥ [0,•)!
[0,•) is of class KL if b (r, t) is of class K with respect to r for each fixed t � t0
and, if for each fixed r � 0, b (r, t) decreases with respect to t and

lim
t!•

b (r, t)! 0. (2.43)



2.8 Stability of Time–Varying Nonlinear Systems 59

We will write a 2 K•,b 2 KL to indicate that a is a class K• function and b is a
class KL function, respectively. Note that the arguments of both functions a(r) and
b (r, t) are scalar.

Definitions for nonlinear time-varying systems, which are analogous to Defini-
tions 2.3, 2.5, 2.11 and 2.12 above for nonlinear time-invariant systems, can be
written using comparison functions.

Definition 2.26 (Uniformly Stable). The equilibrium point x̃ = 0 of system (2.41)
is uniformly stable (US) if there exists a class K function a and a constant d > 0,
independent of the initial time t0, such that

kx̃(t)k  a(kx̃0k), 8t � t0 � 0, 8kx̃0k< d . (2.44)

Definition 2.27 (Uniformly Asymptotically Stable). The equilibrium point x̃ = 0
of system (2.41) is uniformly asymptotically stable (UAS) if there exists a class KL
function b and a constant d > 0, independent of the initial time t0, such that

kx̃(t)k  b (kx̃0k, t � t0), 8t � t0 � 0, 8kx̃0k< d . (2.45)

Definition 2.28 (Uniformly Globally Asymptotically Stable). The equilibrium
point x̃ = 0 of system (2.41) is uniformly globally asymptotically stable (UGAS)
if a class KL function b exists such that inequality (2.45) holds for any initial state,
i.e.

kx̃(t)k  b (kx̃0k, t � t0), 8t � t0 � 0, 8kx̃0k. (2.46)

Definition 2.29 (Exponentially Stable). The equilibrium point x̃= 0 of system (2.41)
is exponentially stable (ES) if a class KL function b with the form b (r,s) = kre�l s

exists for some constants k > 0, l > 0 and d > 0, such that

kx̃(t)k  kkx̃0ke�l (t�t0), 8t � t0 � 0, 8kx̃0k< d . (2.47)

Definition 2.30 (Globally Exponentially Stable). The equilibrium point x̃ = 0 of
system (2.41) is globally exponentially stable (GES) if inequality (2.47) holds for
any initial state, i.e.

kx̃(t)k  kkx̃0ke�l (t�t0), 8t � t0 � 0, 8kx̃0k. (2.48)

Theorem 2.4 (Uniformly Stable). Let x̃= 0 be an equilibrium point of system (2.41)
and V (t, x̃) be a continuously differentiable function such that

W1(x̃)V (x̃, t)W2(x̃)
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and
∂V
∂ t

+
∂V
∂ x̃

f(x̃, t) 0

for all t � 0 and x̃ 2 D, where W1(x̃) and W2(x̃) are continuous positive definite
functions in D. Then, under Assumption 2.1, the equilibrium point x̃= 0 is uniformly
stable.

The following definition will be subsequently used to characterize the stability
of nonlinear time-varying systems.

Definition 2.31 (Ball). A closed ball of radius d in Rn centered at x̃ = 0 is denoted
by Bd , i.e.

Bd := {x̃ 2 Rn : kx̃k  d} .

Theorem 2.5 (Uniformly Asymptotically Stable). Let x̃ = 0 be an equilibrium
point of system (2.41) and V (t, x̃) be a continuously differentiable function such
that

W1(x̃)V (x̃, t)W2(x̃)

and
∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�W3(x̃)

for all t � 0 and x̃ 2 D, where W1(x̃), W2(x̃) and W3(x̃) are continuous positive
definite functions in D. Then, under Assumption 2.1, the equilibrium point x̃ = 0 is
uniformly asymptotically stable.

Further, if there exist two positive constants d and c, such that the ball Bd =

{kx̃0k 2Rn : kx̃0k  d}⇢ D and c < minkxk=d W1(x̃), then every solution trajectory
starting in {x̃ 2 Bd : W2(x̃) c} satisfies

kx̃(t)k  b (kx̃0k, t � t0), 8t � t0 � 0

for some class KL function b .

Theorem 2.6 (Uniformly Globally Asymptotically Stable). If the assumptions of
Theorem 2.5 above hold for any initial state x̃0 2 Rn, kx̃0k ! •, the equilibrium
point x̃ = 0 of system (2.41) is uniformly globally asymptotically stable (UGAS).

Theorem 2.7 (Exponentially Stable). If the assumptions of Theorem 2.5 above are
satisfied with

k1kx̃kp V (x̃, t) k2kx̃kp

and
∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�k3kx̃kp

for all t � 0 and x̃ 2 D, where k1, k2, k3 and p are positive constants. Then, the
equilibrium point x̃ = 0 of system (2.41) is exponentially stable.
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Theorem 2.8 (Globally Exponentially Stable). If the assumptions of Theorem 2.7
above hold for any initial state x̃0 2 Rn, kx̃0k ! •, the equilibrium point x̃ = 0 of
system (2.41) is globally exponentially stable.

2.9 Input-to-State Stability

The development of automatic controllers for marine systems can be challenging be-
cause of the broad range of environmental conditions that they must operate within
and the parametric uncertainty in dynamic models for them that arises because of
changes in their configuration. Therefore, it is of important to extend stability con-
cepts to include disturbance inputs. In the linear case, which can be represented by
the system

ẋ = Ax+Bwd ,

if the matrix A is Hurwitz, i.e., if the unforced system ẋ = Ax is asymptotically
stable, then bounded inputs wd lead to bounded states, while inputs converging to
zero produce states converging to zero. Now, consider a nonlinear system of the
form

ẋ = f(x,wd) (2.49)

where wd is a measureable, locally bounded disturbance input. In general, global
asymptotic stability of the unforced system ẋ = f(x,0) does not guarantee input-to-
state properties of the kind mentioned above. For example, the scalar system

ẋ =�x+ xwd (2.50)

has unbounded trajectories under the bounded input wd = 2. This motivates the
following important concept, introduced by Sontag & Wang [12].

The system (2.49) is called input-to-state stable (ISS) with respect to wd if for
some functions g 2 K• and b 2 KL, for every initial state x0, and every input wd
the corresponding solution of (2.49) satisfies the inequality

kx(t)k  b (kx0k, t)+ g(kwdk[0,t]) 8t � 0 (2.51)

where kwdk[0,t] := ess sup{|wd(s)| : s 2 [0, t]} (supremum norm on [0, t] except for
a set of measure zero). Since the system (2.49) is time-invariant, the same property
results if we write

kx(t)k  b (kx0)k, t � t0)+ g(kwdk[t0,t]) 8t � t0 � 0.

The ISS property admits the following Lyapunov-like equivalent characterization:
the system (2.49) is ISS if and only if there exists a positive definite radially un-
bounded C1 function V : Rn ! R such that for some class K• functions a and c
we have

∂V
∂x

f(x,wd)�a(kxk)+c(kwdk) 8x,wd .
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This is in turn equivalent to the following ”gain margin” condition:

kxk> r(kwdk) ) ∂V
∂x

f(x,wd)�ā(kxk)

where ā , r 2K•. Such functions V are called ISS-Lyapunov functions.
The system (2.49) is locally input-to-state stable (locally ISS) if the bound (2.51)

is valid for solutions with sufficiently small initial conditions and inputs, i.e., if there
exists a d > 0 such that (2.51) is satisfied whenever kx0k  d and kuk[0,t]  d . It
turns out (local) asymptotic stability of the unforced system ẋ= f (x,0) implies local
ISS.

For systems with outputs, it is natural to consider the following notion which is
dual to ISS. A system

ẋ = f(x)

y = h(x)
(2.52)

is called output-to-state stable if for some functions g 2K• and b 2KL and every
initial state x0 the corresponding solution of (2.52) satisfies the inequality

kx(t)k  b (kx0k, t)+ g(kyk[0,t])

as long as it is defined. While ISS is to be viewed as a generalization of stability,
OSS can be thought of as a generalization of observability; it does inded reduce
to the standard observability property in the linear case. Given a system with both
inputs and outputs

ẋ = f(x,wd)

y = h(x)
(2.53)

one calls it input/output-to-state stable (IOSS) if for some functions g1,g2 2K• and
b 2KL, for every initial state x0, and every input wd the corresponding solution of
(2.53) satisfies the inequality

kx(t)k  b (kx0k, t)+ g1(kwdk[0,t])+ g2(kyk[0,t])

as long as it exists.

2.10 Ultimate Boundedness

Even when an equilibrium point x̃ = 0 of system (2.41) does not exist, a Lyapunov-
like stability analysis can be used to show whether or not system state trajectories
x̃(t) remain bounded within a region of the state space. We begin with a motivating
example, which illustrates the concept of uniform ultimate boundedness (UUB).
When a system is uniformly ultimately bounded the solution trajectories of the the
state do not necessarily approach an equilibrium point, but instead converge to, and
remain, within some neighborhood of x̃ = 0 after a sufficiently long time.
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Example 2.6. Consider a surge speed-tracking controller for an unmanned surface
vessel operating under the influence of time-varying exogenous disturbances (e.g.
wind or waves). The equation of motion of the system is

mu̇ =�cdu|u|� t +wd(t), (2.54)

where m is the mass (including added mass) of the vessel, u is the surge speed,
cd is the drag coefficient, t is the control input (thruster force), and wd(t) is the
disturbance.

Assume that the magnitude of the disturbance can be upper-bounded by a known
positive constant wd0 > 0, such that

|wd(t)|< wd0, 8t. (2.55)

It is desired that the surge speed-controller track a time-dependent speed ud(t),
which is assumed to be continuously differentiable.

Let the control input be

t = mu̇d + cdu|u|� kpũ, (2.56)

where ũ := u�ud is the speed tracking error and kp > 0 is a control gain. Then the
closed loop equation of motion is given by

m ˙̃u =�kpũ+wd(t). (2.57)

Using the concept of flow along a line (Section 2.3), it can be seen that when wd(t)=
0 the closed loop system has an equilibrium point at ũ= 0. However, the equilibrium
point at ũ = 0 no longer exists when wd(t) 6= 0.

To investigate the stability, consider the Lyapunov function

V =
1
2

ũ2, (2.58)

which is radially unbounded. Then, taking the derivative along system trajectories
using (2.57) gives

V̇ = ũ ˙̃u = ũ [�kpũ+wd(t)] ,

= �kpũ2
+ ũwd(t),

 �kpũ2
+kũkwd0,

 �kũk [kpkũk�wd0] ,

(2.59)

where the upper bound is obtained with (2.55).
It therefore follows that

V̇ < 0, for all kũk> d :=
wd0

kp
. (2.60)
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In other words, V̇ < 0 when ũ is outside the compact set Bd = {ũ 2 R : kũk  d}
(see Definition 2.7). This implies that all of the solution trajectories ũ(t) of (2.57)
that start outside of Bd will tend towards Bd .

We can show that the system is uniformly bounded, meaning that the final (ulti-
mate) bound of ũ is independent of the value of ũ at the initial time t0. Let 0< d <D ,
then all solution trajectories ũ(t) of (2.57) that start in the set

BD := {ũ 2 R : kũk  D}

will remain within BD for all t � t0, where Bd ⇢ BD , since V̇ < 0,8 kũk > d ,
see (2.60).

An estimate for the value of the ultimate bound can also be determined. Let z
be a positive constant defined so that d < z < D . Since d < kũk < D , V can be
bounded as

1
2

d 2 <
1
2

ũ2 <
1
2

D 2.

Inside the annular set (BD �Bd ), V̇ < 0 so that V decreases monotonically in time
until |ũ(t)|  z . Denote the earliest time when |ũ(t)|  z as t = (t0 + Tz ), where
Tz is the elapsed time, and define the compact set Bz := {ũ 2 R : kũk  z ,d < z}.
For any time t � t0 + Tz the trajectory of ũ(t) remains inside Bz because V̇ < 0
outside Bz and on its boundary. Thus, using (2.60), we can conclude that the state
trajectories of the closed loop system are uniformly ultimately bounded (UUB) with
the ultimate bound |ũ(t0 +Tz )|= z > wd0/kp. Note that the size of the compact set
Bz can be reduced by increasing the control gain kp.

A simulation of the closed loop USV surge speed control system (2.57) is shown
in Fig. 2.24 using a model of the small vehicle shown in Fig. 2.23. The USV has
an overall length of 1.7 m, a mass of m = 15 kg and is simulated operating in the
presence of deep water waves with a wavelength of 1.5 m (wave period of about

Fig. 2.23 A small lightweight USV [5].
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1.0 sec). The control gain is set to kp = 5. The desired speed ud follows a step-
like pattern in time. The wave-induced disturbance force has an amplitude of 4.5 N.
In Fig. 2.24a it can be seen that the magnitude of the surge speed error decreases
rapidly after the simulation starts, and oscillates about ũ = 0 with an amplitude of
slightly less than 0.05 m/s. If we bound the anticipated magnitude of the disturbance
as wd0 = 4.5 N, the UUB analysis above gives a very conservative estimate for the
bounds of the error as

kũk> wd0

kp
= 0.9 m/s.
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Fig. 2.24 Time response of a surge speed tracking USV: a) desired speed ud , output speed u, and
speed tracking error ũ, b) wave disturbance forces wd(t).

ut

Definition 2.32 (Uniformly Bounded). The solution trajectories x̃(t) of (2.41) are
uniformly bounded (UB) if there exist constants d and e , where 0 < d < e , and a
function a(d )> 0 such that

kx̃0k  d )kx̃(t)k  a(d ), 8t � t0 � 0. (2.61)

Comparing the definition of UB to Definitions 2.3 and 2.44, it can be seen that
while UB is similar, it is defined only with reference to the boundedness of solution
trajectories, rather than with reference to the position of an equilibrium point.

Definition 2.33 (Uniformly Globally Bounded). The solution trajectories x̃(t) of (2.41)
are uniformly globally bounded (UGB) if (2.61) holds for d ! •.

Definition 2.34 (Uniformly Ultimately Bounded). The solution trajectories x̃(t)
of (2.41) are uniformly ultimately bounded (UUB), with ultimate bound z , if there
exist constants d , z and e , where for every 0 < d < e , there exists an elapsed time
T = T (d ,z )� 0 such that
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kx̃0k< d )kx̃(t)k  z , 8t � t0 +T. (2.62)

Definition 2.35 (Uniformly Globally Ultimately Bounded). The solution trajec-
tories x̃(t) of (2.41) are uniformly globally ultimately bounded (UGUB) if (2.62)
holds for d ! •.

In Definitions 2.32–2.35 above, the term uniform means that the ultimate bound z
does not depend on the initial time t0. The term ultimate indicates that boundedness
holds after an elapsed time T . The constant e defines a neighborhood of the origin,
which is independent of t0, so that all trajectories starting within the neighborhood
remain bounded. If e can be chosen arbitrarily large then the system then the UUB
is global.

Remark 2.7. Lyapunov stability Definitions 2.26–2.30 require that solution state tra-
jectories x̃(t) remain arbitrarily close to the system equilibrium point x̃ = 0 by start-
ing sufficiently close to it. In general, this requirement is too strong to achieve in
practice, as real systems are usually affected by the presence of unknown distur-
bances. Further, the UUB bound z cannot be made arbitrarily small by starting
closer to x̃ = 0. In practical systems, z depends on both the disturbances and system
uncertainties.

BD

x̃ = 0

x̃0

Bd

x̃(t0 +T )

z

V̇ < 0

WcWe

L = Wc �We

Fig. 2.25 Geometric interpretation of uniform ultimate boundedness.

To understand how a Lyapunov-like analysis can be used to study UUB, consider
a continuously differentiable, positive definite function V :Rn !R and suppose that
the sets
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Wc := {x̃ 2 Rn : V (x̃) c} and We := {x̃ 2 Rn : V (x̃) e}

are compact and invariant from some 0 < e < c (see Fig. 2.25). Let L := Wc�We =
{x̃ 2 Rn : e  V (x̃)  c} and suppose that the time derivative along the solution
trajectories x̃(t) of (2.41) is given by

V̇ (x̃, t) =
∂V
∂ x̃

f(x̃)�W3(x̃), 8x̃ 2 L , 8t � 0,

where W3(x̃) is a continuous positive definite function. Since V̇ (x̃, t) < 0 for all
x̃ 2L a trajectory x̃(t) starting in the set L must move in the direction of decreasing
V (x̃). Thus, V (x̃) will decrease until the trajectory enters the set We , and once inside
We the trajectory will remain inside We for all future times.

Define
k := min

x̃2L
W3(x̃)> 0,

then
V̇ (x̃, t)�k, 8x̃ 2 L , 8t � t0 � 0,

so that
V (x̃(t))V (x̃0)� k(t � t0) =V0 � k(t � t0).

Thus, a state starting at the position x̃0 at time t = t0 will arrive at the boundary of
the compact set V = We after the elapsed time T = (V0 � e)/k+ t0.

In order to find an estimate of the ultimate bound, we define the balls (Defini-
tion 2.31)

Bd := {x̃ 2 Rn : kx̃(t)k  d} and BD := {x̃ 2 Rn : kx̃(t)k  D} ,

such that the compact set L occurs in a subset of the region of the state space where
d  kx̃k  D (see Fig. 2.25) and

V̇ (x̃, t)�W3(x̃), 8d  kx̃k  D , 8t � t0 � 0.

Let a1 and a2 be class K functions, such that

a1(kx̃k)V (x̃) a2(kx̃k). (2.63)

Referring to Fig. 2.25, it can be seen that c = a2(D) where the boundaries of BD and
Wc touch. Thus, inside the compact set Wc, V (x̃)  a2(D), so that Wc ✓ BD . Since
the maximum value of V (x̃) in the set We occurs at its boundary, we have e = a2(d )
where the surfaces of We and Bd touch. However, inside of We , a1(kx̃k)  V (x̃),
so that the relation a1(kx̃k)  e = a2(d ) holds. Taking the inverse of this latter
inequality provides an estimate of the ultimate bound

kx̃k  a�1
1 [a2(d )] . (2.64)
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Remark 2.8. The ultimate bound is independent of the initial state x̃0 2 Wc and is a
class K function of d . As a consequence, the smaller the value of d , the smaller the
ultimate bound.

Theorem 2.9 (Uniformly Ultimately Bounded). Suppose that

a1(kx̃k)V (x̃) a2(kx̃k),

V̇ (x̃, t) =
∂V
∂ x̃

f(x̃)�W3(x̃), 8kx̃k � d > 0, 8t � 0,

and kx̃k  D , where a1,a2 2 K, W3(x̃) > 0 is continuous, and d < a�1
2 [a1(D)].

Then, for every initial state x̃0 2 {kx̃k  a�1
2 [a1(D)]}, there exists an elapsed time

T = T (x̃0,d )� 0, such that

kx̃(t)k  a�1
1 [a2(d )] , 8t � t0 +T.

If the conditions hold for D ! • and a1 2 K•, then the conclusions are valid for
every initial state x̃0 and the system is uniformly globally ultimately bounded.

2.11 Practical Stability

Thus far, we have mostly considered the stability of nonlinear time-varying systems
when no external disturbances are acting on them and when there is no uncertainty
in the dynamics of the system. However, most marine vehicles operate in uncertain
environments and with inaccurate dynamic models. Thus, it is important to under-
stand how disturbances and model uncertainty can affect the stability of the system.
This is especially true for systems that operate near the upper limits of the capabili-
ties of their actuators.

As discussed in Example 2.6, when systems operate in the presence of time-
varying disturbances, an equilibrium point x̃ = 0 no longer exists. However, the so-
lution trajectories of the state x̃(t) may be ultimately bounded within a finite region.
In some cases, as in the example, the size of the bounded region can be decreased
by tuning the control gains. This stability property is often referred to as practical
stability.

When the region of attraction of the state trajectories of a system consists of
the entire state space, the region is globally attractive, see Definitions 2.28, 2.30
and 2.35, for example. Instead, when the region of attraction of a closed loop system
can be arbitrarily enlarged by tuning a set of control gains, the region is called
semiglobally attractive.

In Section 2.7 it is seen that invariant sets can be thought of as a generalization of
the concept of an equilibrium point. In a similar way, we will consider the stability
of state trajectories towards closed balls (Definition 2.31) in state space as a similar
generalization of the idea of an equilibrium point when characterizing the stability
of nonlinear systems in the presence of disturbances. The following stability defi-
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nitions, theorems and notation are developed in [1, 2, 6]. Additional details can be
found in these references.

However, before proceeding, we will generalize the notion of uniform asymptotic
stability (UAS) about an equilibrium point given in Definition 2.27 and Theorem 2.5
above to the UAS of a ball. To do this, define a bound for the shortest distance
between a point z̃ on the surface of the ball Bd and the point x̃, as

kx̃kd := inf
z̃2Bd

kx̃� z̃k (2.65)

and let D > d > 0 be two non-negative numbers.

Definition 2.36 (Uniform Asymptotic Stability of a Ball). The ball Bd is uni-
formly asymptotically stable (UAS) on BD for the system (2.41), if and only if there
exists a class KL function b , such that for all initial states x̃0 2 BD and all initial
times t0 � 0, the solution of (2.41) satisfies

kx̃(t)kd  b (kx̃0k, t � t0), 8t � t0. (2.66)

Definition 2.37 (Uniform Global Asymptotic Stability of a Ball). The ball Bd
is uniformly globally asymptotically stable (UGAS) if (2.66) holds for any initial
condition x̃0, i.e. D ! •.

While the UAS and the UGAS of a ball imply the property of ultimate bounded-
ness (with any z > d as the ultimate bound), they are stronger properties, as they
guarantee that sufficiently small transients remain arbitrarily near Bd . Thus, the def-
inition of the stability of a system about a ball, is similar to the definition of stability
about an equilibrium point, e.g. compare Definition 2.36 to Definition 2.5. Ultimate
boundedness is really a notion of convergence, which does not necessary imply sta-
bility to perturbations.

Consider a nonlinear, time-varying system of the form

˙̃x = f(x̃, t,q), x̃ 2 Rn, t � 0, (2.67)

where q 2 Rm is a vector of constant parameters, and f : Rn ⇥R⇥Rm is locally
Lipschitz in x̃ and piecewise continuous in t. System (2.67) is representative of
closed loop control systems, where q would typically contain control gains, but
could represent other parameters.

In the following definitions, let Q ⇢ Rm be a set of parameters.

Definition 2.38 (Uniform Global Practical Asymptotic Stability). The system (2.67)
is uniformly globally practically asymptotically stable (UGPAS) on Q , if for any
d > 0 there exists a q ?

(d ) 2 Q , such that Bd is UGAS for system (2.67) when
q = q ?.

Thus, (2.67) is UGPAS if the ball Bd , which is UGAS, can be arbitrarily dimin-
ished by a convenient choice of q .
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Definition 2.39 (Uniform Semiglobal Practical Asymptotic Stability). The sys-
tem (2.67) is uniformly semiglobally practically asymptotically stable (USPAS) on
Q , if for any D > d > 0 there exists a q ?

(d ,D) 2Q , such that Bd is UAS on BD for
system (2.67) when q = q ?.

In this case, (2.67) is USPAS if the estimate of the domain of attraction BD and
the ball Bd , which is UAS, can be arbitrarily enlarged and diminished, respectively,
by tuning the parameter q .

Definition 2.40 (Uniform Global Practical Exponential Stability). System (2.67)
is uniformly globally practically exponentially stable (UGPES) on Q , if for any
d > 0 there exists a q ?

(d ) 2Q , and positive constants k(d ) and g(d ), such that for
any initial state x̃0 2Rn and for any time t � t0 � 0 the solution trajectories of (2.67)
satisfy

kx̃(t,q ?
)k  d + k(d )kx̃0ke�g(d )(t�t0), 8t � t0.

Definition 2.41 (Uniform Semiglobal Practical Exponential Stability). System (2.67)
is uniformly semiglobally practically exponentially stable (USPES) on Q , if for any
D > d > 0 there exists a q ?

(d ,D) 2Q , and positive constants k(d ,D) and g(d ,D),
such that for any initial state x̃0 2 BD and for any time t � t0 � 0 the solution trajec-
tories of (2.67) satisfy

kx̃(t,q ?
)k  d + k(d ,D)kx̃0ke�g(d ,D)(t�t0), 8t � t0.

Theorem 2.10 (UGPAS). Suppose that given any d > 0 there exist a parameter
q ?

(d ) 2 Q , a continuously differentiable function V : Rn ⇥R�0 ! R�0, and three
class K• functions a1, a2 and a3, such that for all x̃ 2 Rn\Bd (i.e. all points x̃ that
are not inside Bd ) and for all t � 0

a1(kx̃k)V (x̃, t) a2(kx̃k),

∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�a3(kx̃k),

and
lim
d!0

a�1
1 [a2(d )] = 0. (2.68)

Then, (2.67) is UGPAS on the parameter set Q .

The first two conditions of Theorem 2.10 can often be verified using a Lyapunov
function that establishes the UGAS of the system (Theorem 2.6) when the distur-
bances and uncertainties are assumed to be zero [1]. The Lyapunov function may
depend on the tuning parameter q , and so on the radius d . Hence, (2.68) is required
to links the bounds on the Lyapunov function.



2.11 Practical Stability 71

Theorem 2.11 (USPAS). Suppose that given any D > d > 0 there exist a parameter
q ?

(d ,D)2Q , a continuously differentiable function V :Rn⇥R�0 !R�0, and three
class K• functions a1, a2 and a3, such that for all d < kx̃k< D and for all t � 0

a1(kx̃k)V (x̃, t) a2(kx̃k),

and
∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�a3(kx̃k).

Assume further that for any constants 0 < d ? < D ?, there exist 0 < d < D such that

a�1
1 [a2(d )] d ? and a�1

2 [a1(D)]� D ?. (2.69)

Then, (2.67) is USPAS on the parameter set Q .

Since the Lyapunov function V (x̃, t) is not required to be the same for all d and
all D , the conditions in (2.69) must be imposed to ensure that the estimate of the
domain of attraction BD and the set Bd , which is UAS, can be arbitrarily enlarged
and diminished, respectively [2].

Theorem 2.12 (UGPES). Suppose that for any d > 0 there exist a parameter
q ?

(d )2Q , a continuously differentiable function V :Rn⇥R�0 !R�0, and positive
constants k1(d ), k2(d ) and k3(d ), such that for all x̃ 2 Rn\Bd (i.e. all points x̃ that
are not inside Bd ) and for all t � 0

k1(d )kx̃kp V (x̃, t) k2(d )kx̃kp,

∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�k3(d )kx̃kp,

where p > 0 is a constant and

lim
d!0

k2(d )d p

k1(d )
= 0. (2.70)

Then, (2.67) is UGPES on the parameter set Q .

Theorem 2.13 (USPES). Suppose that for any D > d > 0 there exist a parameter
q ?

(d ,D)2Q , a continuously differentiable function V : Rn⇥R�0 !R�0, and pos-
itive constants k1(d ,D), k2(d ,D) and k3(d ,D), such that for all x̃ 2 BD\Bd (i.e. all
points x̃ in BD that are not inside Bd ) and for all t � 0

k1(d ,D)kx̃kp V (x̃, t) k2(d ,D)kx̃kp,

∂V
∂ t

+
∂V
∂ x̃

f(x̃, t)�k3(d ,D)kx̃kp,

where p > 0 is a constant. Assume further that for any constants 0 < d ? < D ?, there
exist 0 < d < D such that
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k2(d ,D)d p

k1(d ,D)
 d ? and

k1(d ,D)D p

k2(d ,D)
� D ?. (2.71)

Then, (2.67) is USPES on the parameter set Q .

The following inequalities can be very useful for simplifying the stability analy-
sis of nonlinear systems.

Theorem 2.14 (Young’s Inequality). Assume that a 2 R, b 2 R and e > 0. Then

ab  a2

2e
+

eb2

2
. (2.72)

This can also be expressed in vector form as

ka
T

bk  kak2

2e
+

ekbk2

2
, 8a,b 2 Rn. (2.73)

Theorem 2.15 (Triangle Inequality). Assume that kak and kbk are two vectors.
Then

ka+bk  kak+kbk, 8a,b 2 Rn. (2.74)

Theorem 2.16 (Cauchy-Schwarz Inequality). Assume that kak and kbk are two
vectors. Then

ka
T

bk  kakkbk, 8a,b 2 Rn. (2.75)

Example 2.7. Let us return to Example 2.6 where we considered the surge speed-
tracking control of an unmanned surface vessel operating under the influence of a
time-varying exogenous disturbance. It can be seen that the term �kpũ2 in (2.59)
is ND. How to handle the second term may be unclear, as it depends on the un-
known disturbance. Fortunately, even though we don’t know the value of wd(t) at
any given time, we can use the known upper bound on the magnitude of the distur-
bance |wd(t)|< wd0, 8t to find an upper bound for V̇ .

Applying Young’s Inequality (Theorem 2.14) with e = 1 to (2.59) and using
wd(t)2 < w2

d0 gives

V̇  �kpũ2
+

ũ2

2
+

wd(t)2

2
,

 �
(2kp �1)

2
ũ2

+
w2

d0
2

.

(2.76)

From (2.58) we have

�
(2kp �1)

2
ũ2

=�(2kp �1)V (2.77)

so that
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V̇ �(2kp �1)V +
w2

d0
2

. (2.78)

For kp > 1/2, V will decrease until V̇ = 0. Thus, V̇ is NSD because we can have V̇ =

0 even though ũ 6= 0. Since wd = wd(t) the system is not time-invariant, so LaSalle’s
Invariant Set Theorem (Theorem 2.3) cannot be used to analyze its stability.

However, note that integrating (2.78) gives

V 

V0 �

w2
d0

2(2kp �1)

�
e�(2kp�1)(t�t0) +

w2
d0

2(2kp �1)
, (2.79)

where V0 is the value of V at the initial time t = t0. Thus, it can be seen that the value
of V decreases to its equilibrium value (when V̇ = 0) exponentially in time.

Using (2.58), we can solve for the bounds of kũk from the bounds of V to get

kũk 

s
ũ2

0 �
w2

d0
(2kp �1)

�
e�(2kp�1)(t�t0) +

w2
d0

(2kp �1)
. (2.80)

This can be simplified into the form of a USPES system (Definition 2.41), using the
Triangle Inequality (Theorem 2.15), to get

kũk 

s

ũ2
0 �

w2
d0

(2kp �1)
e�(kp�1/2)(t�t0) +

wd0p
2kp �1

,

 wd0p
2kp �1

+kũ0k

s

1�
w2

d0
ũ2

0(2kp �1)
e�(kp�1/2)(t�t0),

 d + k(d ,D)kũ0ke�g(t�t0),

(2.81)

where d := wd0/
p

2kp �1, D := kũ0k,

k(d ,D) :=

s

1�
w2

d0
ũ2

0(2kp �1)
=

r
1� d 2

D 2 ,

and g(d ,D) := (kp �1/2).
Note that with (2.81) it can be seen that

lim
t!•

= kũk= wd0p
2kp �1

.

Thus, the size of the bounded region into which the trajectories of ũ(t) converge in
time can be decreased by increasing the control gain kp. As discussed above, this
type of stability is known as practical stability.

In order to actually prove that the system is USPES, we need to confirm that it
satisfies the three conditions given in Theorem 2.13.
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Note that simultaneously satisfying both the first and third conditions of The-
orem 2.13 effectively provides an upper and lower bounds for V . These bounds
depend on the relative sizes of d and D . Using the numerical values provided in
Example 2.6 above, we have wd0 = 4.5 N, kp = 5 (this gain would effectively have
units of kg/s) and kũ0k= 2.5 m/s (the maximum initial surge speed error occurring
in the problem), so that d = 1.5 m/s and D = 2.5 m/s.

With D ⇤ > d ⇤ > 0 the third condition of Theorem 2.13 can also be expressed as
k1D/d > k2 > 0. Combining this with the first condition of Theorem 2.13 we can
also write this as k1D/d > k2 > k1, which places an upper and lower bounds on the
range of k2 with respect to k1. For this example, the numerical range of possible
values for k1 and k2 is 5k1/3 > k2 > k1 and k1 < 1/2 (because of the first condition
and the fact that V = kũk2/2). Thus, by selecting k1 = 1/4 and k2 = 3/8 both the
first and third conditions of Theorem 2.13 are satisfied.

In order to show that the closed loop system is USPES, it only remains to prove
that the second condition of Theorem 2.13 is also satisfied. Using (2.79) in (2.78)
gives

V̇  �(2kp �1)

V0 �

w2
d0

2(2kp �1)

�
e�(2kp�1)(t�t0),

 �
(2kp �1)

2


ũ2

0 �
w2

d0
(2kp �1)

�
e�(2kp�1)(t�t0) +

w2
d0
2

,

 �
(2kp �1)

2

⇢
ũ2

0 �
w2

d0
(2kp �1)

�
e�(2kp�1)(t�t0) +

w2
d0

(2kp �1)

�
.

Comparing this result with (2.80), it can be seen that

V̇ �k3kũk2,

where k3 :=(kp�1/2) so that the second condition of Theorem 2.13 is also satisfied.
Thus, as the closed loop system has been shown to satisfy all three conditions of

of Theorem 2.13, it is guaranteed to be uniformly semiglobally exponentially stable.

ut

2.12 Barbalat’s Lemma

When using Lyapunov Theory to solve adaptive control problems, dV/dt is often
only negative semidefinite and additional conditions must be imposed on the system,
in such cases the following lemma can be useful.

Lemma 2.1 (Barbalat’s Lemma). For a time-invariant nonlinear system ẋ= f(x, t).
Consider a function V (x, t) 2 C1. If

1) V (x, t) is lower bounded,
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2) V̇ (x, t) 0, and
3) V̇ (x, t) is uniformly continuous,

then V̇ (x, t) 0 converges to zero along the trajectories of the system.

Remark 2.9. The third condition of Barbalat’s Lemma is often replaced by the
stronger condition V̈ (x, t) is bounded. In general, Barbalat’s Lemma relaxes some
conditions, e.g. V is not required to be PD.

Example 2.8 (Stability of MIMO adaptive control for marine systems). The Lya-
punov function for a MIMO marine system using adaptive control via feedback
linearization will have the form

V =
1
2

h̃T
Kph̃ +

1
2

s
T

Mh(h)s+
1
2

q̃ T G �1q̃ ,

where q̃ := (q̂ �q) is the parameter estimation error, Mh(h) = M
T
h(h) > 0 is the

inertia tensor in the NED frame, Kp > 0 is a diagonal control design matrix, G =

G T > 0 is a weighting matrix, and both h̃ := (h�hd) and s := ˙̃h+Lh̃ are measures
of the tracking error [4, 15], . The parameter L > 0 in s is also a diagonal control
design matrix.

Here we show that in order for the closed loop system to be stable, the conditions
of Lemma 2.1 must be satisfied.

The time derivative of V is

V̇ =�h̃T
KpLh̃ � s

T
[Dh(v,h)+Kd ]s+ q̃ T G �1

h
˙̂q +G FT

J
�1
(h)s

i
, (2.82)

where Dh(v,h) = D
T
h(v,h) > 0 is the drag (dissipation) tensor in the NED frame

and Kd > 0 is a diagonal control design matrix. The first two terms in the above
equation are negative definite for all s 6= 0 and for all h̃ 6= 0. To obtain V̇  0, the
parameter update law is selected as

˙̂q =�G FT
J
�1
(h)s.

However, it can be seen that V̇ is still only negative semidefinite, not negative defi-
nite, because it does not contain any terms that are negative definite in q̃ . As shown
in [13], using the parameter update law, equation (2.82) can be written in the form

V̇ =�h̃T
KpLh̃ � s

T
[Dh(v,h)+Kd ]s =�e

T
Qe, (2.83)

where Q = Q
T and e = [h̃ ˙̃h ]

T is a vector of tracking errors. Since V̇  0, V is
always less than or equal to its initial value V0, so that h̃ , ˙̃h , s and q̃ are necessarily
bounded, if V0 is finite.

If V̇ is continuous in time, i.e. if V̈ is bounded in time (see Remark 2.9), then V̇
will be integrable. If this condition is met, (2.83) can be integrated to obtain

V �V0 =�
Z t

0
e

T
Qedt < •, (2.84)
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which implies that e is a square integrable function and that e ! 0 as t ! • [13].
Note that, the condition that V̇ is continuous requires ˙̃h to also be continuous (it is a
component of e). In turn, this requires both ḧ and ḧd to be bounded. The equations
of motion (1.35)–(1.36) can be used to verify that ḧ is bounded and restricting
the permissible reference trajectories ḧd will ensure that ˙̃h is continuous. Provided
these latter conditions are satisfied, the velocity error also converges to zero ˙̃h ! 0.

ut
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Problems

2.1. A CTD (conductivity-temperature-depth) sensor is an oceanographic instru-
ment commonly used to measure profiles of the salinity and temperature of seawater
vs. depth. A thermistor, a type of resistor whose resistance is dependent on temper-
ature, is often used on CTDs as the temperature sensing element. The temperature
response of a thermister is given by the relation

R = R0e�0.1T ,

where R is resistance, T is temperature in �C and R0 = 10⇥ 103W . Find a linear
model of the thermister operating at T = 20�C for a small range of temperature
variations about this operating condition.

2.2. Use linear stability analysis to classify the fixed points, as either stable or un-
stable, for the following systems. If linear stability analysis fails because f 0(x) = 0,
use a graphical argument to determine the stability.

(a) ẋ = x(2� x)
(b) ẋ = x(2� x)(4� x)

2.3. Analyze the following equations graphically. In each case, sketch the vector
field on the real line, find all of the fixed points, classify their stability (as either
stable or unstable), and sketch the graph of x(t) for different initial conditions.

(a) ẋ = 2x2 �8
(b) ẋ = 2+ cosx

2.4. Analyze the stability of the dynamics (corresponding to a mass sinking in a
viscous liquid)

u̇+2a|u|u+bu = c, a > 0, b > 0.

2.5. Consider the heave motion of a spar buoy with the dynamics

mz̈+ cż+ kz = 0.

A natural candidate for a Lyapunov function is the total energy of the system, given
by

V =
1
2

mẇ2
+

1
2

kz2,

where z is the vertical displacement of the buoy from its equilibrium position and
w = ż is the velocity in the heave direction. Use LaSalle’s Invariance Principle to
show that the system is asymptotically stable.

2.6. As shown in Example 2.4, the pitch angle q of an AUV is governed by an
equation of the form

q̈ =
c
2

sin(2q),



78 2 Stability: Basic Concepts

where c > 0 is a physical constant based on a model of the AUV. The use of a
nonlinear control input u =�k(V0 �V )q̇ cos2

(2q) is proposed to control the pitch,
where

V (q , q̇) = c
4

cos(2q)�1+
1
2

q̇ 2

is a Lyapunov function and V0 is an estimate for the initial value of V . In practice,
one might take V0 to be an upper bound for the largest value of V .

With this controller, the closed loop equation of motion is

q̈ =
c
2

sin(2q)� k(V0 �V )q̇ cos2
(2q).

Show that the controller stabilizes the pitch angle of the AUV to q = 0.

2.7. The kinetic energy of a marine vehicle Vk is often included as one of the terms
in a candidate Lyapunov functions used for control design. Let

Vk =
1
2

v
T

Mv,

where, in body-fixed coordinates, M is the inertial tensor and v is the velocity.

a) Show that the upper and lower bounds for Vk can be written as

1
2

lmin(M)kvk2  1
2

v
T

Mv  1
2

lmax(M)kvk2.

Recall from Section 1.4.2 that M = M
T > 0.

b) When performing Lyapunov stability analysis one must typically show that
V̇ < 0, which involves showing that each of the individual terms in the time
derivative of the candidate Lyapunov function are negative definite. Use the in-
equality above to find an upper bound for �kvk2 (note that this is a negative
value).
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Lecture 3

Control of Underactuated Marine Vehicles

Abstract The kinematics and dynamics of underactuated marine vehicles must be
taken into account during control design, significantly more so than when develop-
ing controllers for fully-actuated vehicles. Here, we first present some of the spe-
cialized terminology used to define the main features of underactuated systems, the
types of constraints (e.g. velocity and acceleration constraints) that make a vehicle
underactuated, and the dynamics of underactuated marine vehicles. Then techniques
for the trajectory tracking control of nonholonomic surface vessels are introduced.

3.1 Introduction

When designing motion control systems for marine vehicles, it is important to dis-
tinguish between under-actuated vehicles and fully-actuated vehicles. Underactu-
ated systems cannot be arbitrarily moved from some initial pose to some final pose
because they cannot generate control forces/moments along every degree of free-
dom (missing actuators), or because actuator magnitude constraints, or rate limits,
restrict their ability to accelerate in a certain direction. It is generally easier to con-
trol a fully-actuated vehicle, while under-actuation puts limitations on the control
objectives that can be satisfied. Unfortunately, full-actuation is often impractical, be-
cause of considerations involving cost, weight or energy consumption, and so most
marine vehicles are under-actuated. Here, we will consider the trajectory tracking
control of underactuated surface vessels.

In trajectory tracking control a marine vehicle must track a desired, time varying
pose hd(t). If a fully-actuated vehicle does not have any actuator constraints, it can
track any arbitrary time-dependent trajectory. However, even when a vehicle pos-
sesses actuators that can produce forces in any desired direction, when the forces
required to maintain the speed or acceleration required to catch up to and track a
rapidly varying pose exceed the capabilities of the actuators, the vehicle is consid-
ered to be underactuated. Here, we will focus on the case when a marine vehicle is
missing an actuator along one of the desired directions of motion and explore the

81
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use of its kinematics and dynamics to generate a dynamically feasible trajectory,
which can then be tracked using a standard control approach.

A common philosophy for the design of controllers for underactuated systems is
that, whenever possible, it is better to incorporate the natural open loop dynamics
of an underactuated system into the control design, rather than trying to overcome
them with a controller, because doing so requires fewer actuators and a lower control
effort.

Lastly, it should be noted that a broad range of powerful control design tech-
niques exists for the control of fully-actuated systems, including optimal control,
robust control and adaptive control. The use of these techniques is possible be-
cause the structure of the dynamic equations, which govern fully-actuated vehicles,
possesses special mathematical properties that facilitate the control design, such as
feedback linearizeability, passivity, matching conditions, and linear parameterize-
ability. The application of one or more of these special mathematical properties is
often not possible when a system is underactuated. In addition, undesirable mathe-
matical characteristics, such as higher relative degree and nonminimum phase be-
havior are typically present in underactuated systems.

3.2 The terminology of underactuated vehicles

In order to analyze the motion and control of underactuated vehicles, knowledge of
the following basic notation and terminology is needed.

Definition 3.1 (Configuration Space). The configuration of a marine vehicle spec-
ifies the location of every point on the vehicle. The n-dimensional configuration
space is the set of all configurations, i.e the set of all possible positions and orienta-
tions that a vehicle can have, possibly subject to external constraints.

Definition 3.2 (Degrees of Freedom – DOF). A marine vehicle is said to have n
degrees of freedom if its configuration can be minimally specified by n parame-
ters. Therefore, the number of DOF is the same as the number of dimensions of the
configuration space. The set of DOF is the set of independent displacements and ro-
tations that completely specify the displaced position and orientation of the vehicle.
A rigid body, such as a marine vehicle, that can freely move in three dimensions has
six DOF: three translational DOF (linear displacements) and three rotational DOF
(angular displacements).

When simulating the motion of a vehicle with 6 DOF, a system of 12 first-order,
ordinary differential equations are needed — 6 for the kinematic relations and 6 for
the kinetic equations of motion. The order of a system of the system of equations re-
quired to model a vehicle’s motion is two times the number of its degrees of freedom
n.

Definition 3.3 (Number of Independent Control Inputs). The number of indepen-
dent control inputs r is the number of independently controlled directions in which
a vehicle’s actuators can generate forces/moments.
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Definition 3.4 (Underactuated Marine Vehicles). A marine vehicle is underactu-
ated if it has fewer control inputs than generalized coordinates (r < n).

Definition 3.5 (Fully Actuated Marine Vehicles). A marine vehicle is fully ac-
tuated if the number of control inputs is equal to, or greater than, the number of
generalized coordinates (r � n).

Definition 3.6 (Workspace). An underactuated vehicle can only produce indepen-
dent control forces in r < n directions. Therefore, when developing a controller, it
makes sense to explore whether or not a space of fewer dimensions m < n might
exist in which the vehicle can be suitably controlled. Following [4], we define the
workspace as the reduced space of dimension m < n in which the control objective
is defined.

In the parlance of feedback linearization, the processes of stabilization, path fol-
lowing control and trajectory tracking generally involve input–output linearization.
For these processes, the controlled outputs are the pose or velocity of a vehicle.
Underactuated vehicles have more states in their configuration space n than inde-
pendent control inputs r. Because of this, some vehicle states are uncontrollable
(unreachable). Thus, while it is possible to design a motion control system for an
underactuated marine vehicle when its workspace is fully-actuated m = r, one must
ensure that the zero dynamics of the closed loop system are stable when the dimen-
sion of the configuration space is reduced to that of the workspace. The uncontrolled
equations of motion will appear as k dynamic constraints that must have bounded
solutions in order to prevent the system from becoming unstable.

3.3 Motion Constraints

In general, the constraints affecting a system can arise from both input and state
constraints. Examples of dynamic constraints include missing actuators, but could
also be caused by the magnitude or rate limitations of those actuators which are
present. Constraints can also arise because of a physical barrier in the environment,
e.g. a ship is generally constrained to move along the free surface of the water.

Constraints, which depend on both vehicle state and inputs can be expressed in
the form

h(h ,u, t)� 0. (3.1)

Often the constraints are separated into those that depend only on the input (e.g.
actuator constraints, also called input constraints) h(u) � 0 and those that depend
on the vehicle pose h(h) � 0, which are known as state constraints. As h is an
n-dimensional vector, if k geometric constraints exist,

hi(h)� 0, i = 1, . . . ,k (3.2)
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the possible motions of the vehicle are restricted to an (n�k)-dimensional subman-
ifold (space). Thus, the state constraints reduce the dimensionality of the system’s
available state space.

When the constraints have the form

hi(h) = 0, i = 1, . . . ,k < n, (3.3)

they are known as holonomic constraints.
System constraints that depend on both the pose and its first time derivative are

first order constraints

hi(h , ḣ) = 0, i = 1, . . . ,k < n, (3.4)

and are also called kinematic constraints, or velocity constraints. First order kine-
matic constraints limit the possible motions of a vehicle by restricting the set of
velocities ḣ that can be obtained in a given configuration. These constraints are
usually encountered in the form

A
T
(h)ḣ = 0. (3.5)

Holonomic constraints of the form (3.3) imply kinematic constraints of the form

—h · ḣ = 0. (3.6)

However, the converse is not true. Kinematic constraints of the form (3.5) cannot
always be integrated to obtain constraints of the form (3.3). When this is true, the
constraints (and the system) are nonholonomic.

Note that (3.4) is a first order constraint. However, in many underactuated sys-
tems, including marine systems, the nonholonomic (non integrable) constraints are
usually of second order and involve the acceleration of the system. They can be
represented in the form

hi(h , ḣ , ḧ) = 0, i = 1, . . . ,k < n. (3.7)

Nonholonomic constraints limit the mobility of a system in a completely differ-
ent way from holonomic constraints. A nonholonomic constraint does not restrain
the possible configurations of the system, but rather how those configurations can
be reached. While nonholonomic constraints confine the velocity or acceleration
of a system to an m = (n� k) dimensional subspace (the workspace), the entire n
dimensional configuration space of the system can still be reached. Instead, each
holonomic constraint reduces the number of degrees of freedom of a system by one,
so that the motion of a holonomic system with k constraints is constrained to an
(n� k) dimensional subset of the full n dimensional configuration space [3].
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3.4 The dynamics of underactuated surface vessels

In three DOF, the kinematic equations are

ḣ = R(y)v, (3.8)

where y is the heading angle of the vehicle, R(y) is the transformation matrix from
the body-fixed system to the a North-East-Down (NED) inertial coordinate system,
which is given by

R(y) :=

2

4
cosy �siny 0
siny cosy 0
0 0 1

3

5 2 SO(3), (3.9)

and

h :=

2

4
xn
yn
y

3

5 2 R2 ⇥S, and v :=

2

4
u
v
r

3

5 2 R3 (3.10)

are the position and orientation (pose) vector and velocity vector (in body-fixed
coordinates), respectively (see Fig. 3.1). The variables appearing in (3.10) include
position Northward xn, position Eastward yn, surge speed u, sway speed v and yaw
rate r.


xn

yn

�

y,r

N,xn

E,yn

xb,u

yb,v

Fig. 3.1 3 DOF maneuvering coordinate system definitions.

Consider the kinetic equation of motion

Mv̇+C(v)v+D(v)v = t. (3.11)

Assuming that the origin of the body-fixed coordinate system is the located at the
center of mass of the vessel and the vehicle is moving through still water,
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M :=

2

4
m�Xu̇ 0 0

0 m�Yv̇ �Yṙ
0 �Nv̇ Iz �Nṙ

3

5=

2

664

m11 0 0

0 m22 m23

0 m32 m33

3

775 , (3.12)

C(v) :=

2

6666664

0 0 �m22v� (m23 +m32)

2
r

0 0 m11u

m22v+
(m23 +m32)

2
r �m11u 0

3

7777775
, (3.13)

Dnl(v) :=�

2

4
Xu|u||u| 0 0

0 Yv|v||v|+Yv|r||r| Yr|v||v|+Yr|r||r|
0 Nv|v||v|+Nv|r||r| Nr|v||v|+Nr|r||r|

3

5 , (3.14)

Dl :=�

2

4
Xu 0 0
0 Yv Yr
0 Nv Nr

3

5 . (3.15)

where m is the mass of the vehicle, Iz is the mass moment of inertia about the zb axis
of the vehicle, and Xu|u| < 0 is the drag coefficient along the longitudinal axis of the
vehicle.

Here, the Society of Naval Architects and Marine Engineers (SNAME) [5]
nomenclature is used to represent the hydrodynamic coefficients (added mass and
drag), which give rise to the forces and moments on the vessel in the body-fixed
frame. The X coefficients give rise to forces in the surge direction, the Y coefficients
give rise to forces in the sway direction and the N coefficients give rise to moments
about the yaw axis. The subscript(s) on each coefficient correspond to the velocities
of the vessel in the body-fixed frame, and denote(s) the motion which gives rise to
the corresponding force/moment. For example, the coefficient Xu̇ characterizes the
surge force arising from acceleration in the surge direction (i.e. it is an added mass
term).

The total drag D(v)v is obtained by combining the nonlinear drag Dnl(v)v with
the linear drag Dlv, as

D(v)v = [Dnl(v)+Dl ]v =

2

4
dx
dy
dy

3

5 . (3.16)

Then, expanding terms, the equations of motion can be rewritten component-wise
as
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m11u̇�m22vr�
✓

m23 +m32

2

◆
r2
+dx = tx, (3.17)

m22v̇+m23ṙ+m11ur+dy = 0, (3.18)

m32v̇+m33ṙ+(m22 �m11)uv+
✓

m23 +m32

2

◆
ur+dy = ty . (3.19)

Let x := [xn yn y u v r]T . We express the combined kinematic and dynamic
equations vectorially by first solving for u̇, v̇ and ṙ from (3.17)–(3.19) and then
assembling the resulting equations into vector form. From (3.17) we have

u̇ =
1

m11


m22vr+

✓
m23 +m32

2

◆
r2 �dx

�
+

tx

m11
.

= fx +
tx

m11
.

(3.20)

Dividing (3.18) by m22 and (3.19) by m33, they can be written as

v̇+
m23

m22
ṙ = � 1

m22
[m11ur+dy] ,

= f 0y,
(3.21)

and

m32

m33
v̇+ ṙ = � 1

m33


(m22 �m11)uv+

✓
m23 +m32

2

◆
ur+dy

�
+

ty
m33

,

= f 0y +
ty
m33

,

(3.22)

respectively.
These latter two equations can be decoupled by multiplying (3.21) by m23/m22,

subtracting the result from (3.22) and solving for v̇. Similarly, one can find the de-
coupled differential equation for ṙ by multiplying (3.22) by m32/m33, subtracting
the result from (3.21) and solving for ṙ. The decoupled equations are

v̇ = ay


f 0y �

m23

m22
f 0y

�
+ay

ty
m33

,

= fy +ay
ty
m33

,

(3.23)

and
ṙ = ay


f 0y � m32

m33
f 0y

�
+ay

ty
m33

,

= fy +ay
ty
m33

,

(3.24)

where
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ay =
m22m33

m22m33 �m23m32
and ay =�m23

m22
ay . (3.25)

Then, from (3.8)–(3.10), (3.20) and (3.23)–(3.25) we have

ẋ =

2

66666666666664

ucosy � vsiny

usiny + vcosy

r

fx

fy

fy

3

77777777777775

+

2

666666666666664

0

0

0

1
m11

0

0

3

777777777777775

tx +

2

666666666666664

0

0

0

0

ay

m33
ay
m33

3

777777777777775

ty , (3.26)

which has the form
ẋ = f(x)+g1tx +g2ty .

We will first explore the problem of stabilizing nonholonomic systems, as it pro-
vides the underlying rationale for the commonly used strategy of separating the
control of underactuated vehicles into a motion planning problem and a feedback
control problem, and then proceed to investigate the path following control and tra-
jectory tracking of underactuated surface vessels.

3.5 Trajectory tracking for underactuated surface vessels

When planning a trajectory for an underactuated surface vessel, two important con-
siderations must be taken into account.

1) The trajectory should be dynamically feasible. The dynamics of many surface
vessels must satisfy second order nonholonomic acceleration constraints. By
taking the dynamics of the vehicle into account (in particular its inertial and
drag properties, as well as any unactuated directions) when planning a trajectory
between a start point (x(t0),y(t0)) = (x0,y0) and an endpoint (x(t f ),y(t f )) =

(x f ,y f ), where t0 is the time when the vehicle is located at the start point and t f
is the time the vehicle is located at the end point, one can be more certain that
the closed loop system will be capable of tracking the planned trajectory.

2) Some control design methods include second order or higher order time deriva-
tives of the desired trajectory in the control input. To ensure that the associated
control inputs are bounded, one must plan trajectories which have smooth higher
order derivatives in time.

Here, the approach for computing the dynamically feasible heading proposed in [1]
is presented. An advantage of the method is that it can also be used to compute the
surge force and yaw moment required to achieve the dynamically feasible heading,
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which can be used for either open loop control of an underactuated vessel, or as
feedforward control inputs in a two degree of freedom controller.

3.5.1 Desired heading and feedforward control inputs

Once we have a time-dependent set of xd(t),yd(t) positions that we would like to
follow, we need to determine the corresponding values of y(t) that are dynamically
feasible. To do this, we start by using the kinematic equations of motion to determine
what the corresponding sway acceleration v̇d at each instant in time would be. While
an underactuated vehicle cannot directly apply a force in the sway direction, for
most marine vehicles the kinetic equations of motion for sway and yaw are coupled
via the added mass terms occurring in their inertia tensors. We take advantage of
this coupling to find a virtual control input relating the time derivative of the yaw
rate ṙ to v̇d . The method shown here was developed by [1].

From (3.8) and (3.9), the velocity of the vessel in the body-fixed frame can be
related to its velocity in the inertial (NED) frame, as

v = R
�1
(y)ḣ = R

T
(y)ḣ .

From this, one can obtain an expression of the sway speed v in terms of the velocities
in the NED frame as

v =�ẋn siny + ẏn cosy.

Let (xd(t),yd(t)) be a sufficiently smooth trajectory designed using a point-to-point
planning method represented in the NED reference frame. Then, the desired sway
speed vd(t) is given by

vd(t) =�ẋd siny + ẏd cosy.

Taking the time derivative of this gives the desired sway acceleration

v̇d(t) =�ẍd siny � ẋdr cosy + ÿd cosy � ẏdr siny. (3.27)

Next we turn to the kinetic equations of motion to find the relationship between
ṙ and v̇d . Using (3.24), we can eliminate ty in (3.23) to get

v̇ = fy +
ay

ay

⇥
ṙ� fy

⇤
. (3.28)

To find the virtual control input ṙd that gives the heading angle required for a dy-
namically feasible trajectory, define the sway acceleration error as ˙̃v := v̇� v̇d , where
v̇d is given by (3.27). Then, using (3.28) we have

˙̃v = fy +
ay

ay

⇥
ṙ� fy

⇤
� v̇d ,
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so that the virtual control input ṙd that makes ˙̃v = 0 is given by

ṙd =
ay
ay

[v̇d � fy]+ fy . (3.29)

Thus, given a desired trajectory (xd(t),yd(t)) one can completely specify the dy-
namically feasible time-dependent pose hd(t) = [xd yd yd ]

T of an underactuated
surface vessel using the associated sway acceleration v̇d(t) from (3.27) and inte-
grating (3.29) twice to obtain the desired heading angle yd(t), subject to the initial
conditions yd(t = t0) and ẏd(t = t0).

Further, (3.20) and (3.24) can be used to find a set of feedforward control inputs
that can be used in a two degree of freedom control system architecture for trajectory
tracking. To do this, use (3.9) to obtain an expression for the desired surge speed ud
in terms of the desired velocities in the NED frame, as

ud = ẋd cosy + ẏd siny.

The desired surge acceleration is then

u̇d = ẍd cosy � ẋdr siny + ÿd siny + ẏdr cosy.

Replacing u̇ with u̇d in (3.20) gives the feedforward surge control input

tx = m11 (u̇d � fx) , (3.30)

and similarly replacing ṙ with ṙd in (3.24) gives the feedforward yaw moment con-
trol input

ty =
m33

ay

�
ṙd � fy

�
, (3.31)

that will produce the desired dynamically feasible trajectory in the absence of dis-
turbances. A separate feedback controller can be used to ensure that the system is
robust to disturbances and modeling uncertainties.

Example 3.1 (USV trajectory planning). Consider the problem of constructing dy-
namically feasible trajectories for a USV with the following inertial properties

M =

2

4
189.0 0.0 0.0
0.0 1036.4 �543.5
0.0 �543.5 2411.1

3

5 .

The drag is assumed to be linear and is modeled with the following coefficients

D =

2

4
50.0 0.0 0.0
0.0 948.2 385.4
0.0 385.4 1926.9

3

5 .

Using these values in (3.25) ay and ay are found to be
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ay = 0.595 and ay = 1.134.

Here we will examine three cases:

a) The vehicle moves in a straight line from an initial point (x0,y0) = (0,0) at t0 = 0
to a final point (x f ,y f ) = (�30,�30) at t f = 50 secs, where the (x,y) coordinates
are specified in meters. The initial velocity of the USV is 1 m/s in the northward
(x) direction. Here, the trajectory is designed using a cubic polynomial.

b) The vehicle moves in a straight line from an initial point (x0,y0) = (0,0) at t0 = 0
to a final point (x f ,y f ) = (�30,0) at t f = 50 secs, where the (x,y) coordinates
are specified in meters. The initial velocity of the USV is 1 m/s in the north-
ward (x) direction. Here, the trajectory will designed using a quintic (5th order)
polynomial.

c) The vehicle follows a circular trajectory of radius R = 10 m in the clockwise
direction, starting from (x0,y0) = (0,0) at t0 = 0 and finishing at the same posi-
tion (x f ,y f ) = (0,0) at t f = 50 secs, where the (x,y) coordinates are specified in
meters. The center of the circle is located at the point (xc,yc) = (0,10).

Case a: In the first case, a cubic polynomial is selected to represent the trajectory.
The xd(t) and yd(t) positions along the trajectory are given by

xd(t) = t �0.076t2
+8.8⇥10�4t3,

yd(t) = �0.036t2
+4.8⇥10�4t3.

These xd(t) and yd(t) positions and the corresponding desired heading angle yd(t)
are shown in Fig. 3.2. Since the USV has an initial heading and speed northward,
it must rotate counterclockwise to reach (x f ,y f ) = (�30,�30). As can be seen in
Fig. 3.3 the vehicle dynamics predict that the vehicle will have a sway speed as it
executes the turn to the southwest and that there will be some oscillation in both the
surge speed and yaw rate. The corresponding control inputs oscillate during the turn.
As a cubic polynomial is used for trajectory planning, even though the desired surge
speed is zero at (x f ,y f ), the control input is nonzero at the end of the trajectory. This
will result in a jerk at the end of the trajectory.
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Fig. 3.2 Case a: a) trajectory and b) desired heading angle.
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Fig. 3.3 Case a: a) desired body-fixed velocities and b) control inputs.

Case b: In the second case, a 5th order polynomial of the form

x(t) = a0 +a1t +a2t2
+a3t3

+a4t4
+a5t5 (3.32)

is used to represent the trajectory. The coefficients are determined writing a system
of equations describing the endpoint constraints in matrix form and solving for the
coefficients as a vector [6]. The resulting desired trajectory is

xd(t) = t �4.80⇥10�3t3
+1.36⇥10�4t4 �1.06⇥10�6t5,

yd(t) = 0.

As can be seen in Figs. 3.4–3.5, the vehicle does not need to turn to perform this ma-
neuver and yd(t) = 0 throughout the trajectory. Since the xd(t) and yd(t) positions
determined using the polynomial require the vehicle to move forward for several
seconds, the tx control input remains positive for about 10 seconds, before reversing
to drive the vehicle backwards towards the final point at (x f ,y f ) = (�30,0). Note
that the desired surge speed and the surge control input both smoothly approach zero
as the vehicle approaches the end of the trajectory.
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Fig. 3.4 Case b: a) trajectory and b) desired heading angle.



3.5 Trajectory tracking for underactuated surface vessels 93

a)
0 10 20 30 40 50

-2

-1.5

-1

-0.5

0

0.5

1

1.5

0

0.2

0.4

0.6

0.8

1

b)
0 10 20 30 40 50

-100

-80

-60

-40

-20

0

20

40

60

-1

-0.5

0

0.5

1

Fig. 3.5 Case b: a) desired body-fixed velocities and b) control inputs.

Case c: In the third case, the trajectory is given by

xd(t) = Rsin(wdt),

yd(t) = R[1� cos(wdt)],

where wd = 2p/t f . After a small initial transient, the desired yaw rate becomes
constant so that rd = wd (see Figs. 3.6–3.7). In order to maintain the turn, vehicle
has a small desired sway speed vd yaw moment control input ty throughout the
trajectory.

a)
-30 -20 -10 0 10 20 30

-30

-20

-10

0

10

20

30

b)
0 10 20 30 40 50
0

60

120

180

240

300

360

Fig. 3.6 Case c: a) trajectory and b) desired heading angle.
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Fig. 3.7 Case c: a) desired body-fixed velocities and b) control inputs.

Problems

3.1. A USV is propelled using a pair of small thrusters, which are positioned at the
locations

rp := �lt î�
bt

2
ĵ,

rs := �lt î+
bt

2
ĵ,

where lt is the distance aft of the center of gravity and bt is the transverse distance
between the thrusters (see Fig. 3.8). Each thruster is oriented so that the thrust pro-
duced is parallel to the surge axis of the vehicle, i.e. Tp = Tpî and Ts = Tsî. Write
the three component vector of control forces t = [tx ty ty ]

T .

xb, î

yb, ĵ

E,yn

N,xn

(xn,yn)

y

rrrs

rrrpTTT p

TTT s

bt

lt

Fig. 3.8 USV thruster configuration (view from top).
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3.2. An AUV operates in 6 DOF.

a) What is the dimension of its configuration space n?
b) Write the generalized position (pose) h as a column vector, showing each of its

components.
c) Write the body-fixed velocity v as a column vector, showing each of its compo-

nents.
d) What is the order of the system of equations needed to describe the AUV’s mo-

tion?
e) Suppose the AUV employs a set of 4 independently controlled fore-aft tunnel

thrusters that produce forces in the heave and sway directions, a moving mass
system to produce a torque about its roll axis and a propeller at its stern to produce
thrust along its surge axis (Fig. 3.9a). What is the number of independent control
inputs r? Is the vehicle fully-actuated or underactuated?

f) Suppose the stern of the AUV has a propeller, a set of elevator planes that move in
unison (i.e. they are connected by a rigid shaft and are constrained to by the same
amount in the same direction), and a set of rudder planes that move in unison
(Fig. 3.9b). What is the number of independent control inputs r? Is the vehicle
fully-actuated or underactuated?

a)

Aft Tunnel
Thrusters

Fore Tunnel
Thrusters

b)

Rudder Fin

Rudder Fin

Elevator Fin

 r

 r

Fig. 3.9 An AUV steered using a) fore-aft tunnel thrusters and b) rudder and elevator planes (fins)
at the stern.

3.3. A surface vessel restricted to operate in the horizontal plane (surge, sway and
yaw).

a) What is the dimension of its configuration space n?
b) Write the generalized position (pose) h as a column vector, showing each of its

components.
c) Write the body-fixed velocity v as a column vector, showing each of its compo-

nents.
d) What is the order of the system of equations needed to describe the surface ves-

sel’s motion?
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e) Suppose that the surface vessel uses two fixed thrusters at its stern, like that shown
in Fig. 3.8. What is the number of independent control inputs r? Is the vehicle
fully-actuated or underactuated?

f) Suppose the surface vessel uses two azimuthing thrusters at its stern, like that
shown in Fig. 3.10. What is the number of independent control inputs r? Is the
vehicle fully-actuated or underactuated?

Fig. 3.10 Top view of a surface vessel with azimuthing thrusters (from [2]).

3.4. You are designing a trajectory tracking controller for an underactuated surface
vessel, as shown in Fig. 3.11. The desired trajectory is a circle of constant radius. Is
it possible to control the vehicle so that the desired heading yd(t) is always tangent
to the circle? Explain your reasoning.

[Hint: you may want to consider the results in Case c of Example 3.1 and Figs. 3.6–
3.7 while formulating your response.]
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Lecture 4

Feedback Linearization & Backstepping

Abstract The method of feedback linearization via inverse dynamics is presented.
The concepts involved in the use of integrator backstepping techniques are intro-
duced starting with a simple single input, single output system and then examining
multiple input multiple output vectorial integrator backstepping for marine systems.
Backstepping methods are fairly complex and there are several related implemen-
tation issues, such as the required smoothness of desired trajectories and how to
perform the real-time differentiation of stabilizing functions. Methods for handling
these issues are briefly discussed.

4.1 Introduction

Feedback linearization can be used to transform the nonlinear dynamics of a vehi-
cle into a linear system upon which conventional linear control techniques can be
applied. Provided that the full state of a system can be measured, and that a general
observability condition holds, it may be possible to identify nonlinear transforma-
tions that leave the transformed system linear. A linear controller is then designed
for the transformed model and the control input signal from the linear controller is
transformed back into a nonlinear signal before being passed to the actuators/plant.
In this way, knowledge of the nonlinearities in the system are built into the con-
troller. Feedback linearization is very different from simply linearizing a nonlinear
system about one or more operating points, using a Taylor’s series expansion for ex-
ample, and then designing a controller for the linearized system. Instead, feedback
linearization is accomplished by an exact state transformation and feedback.

Nonlinear backstepping is a recursive design procedure for constructing feedback
control laws and their associated Lyapunov functions. The approach is systematic,
flexible and can be applied in vectorial form to MIMO systems. Backstepping can
permit a control designer to exploit “good” nonlinearities, while “bad” nonlineari-
ties can be dominated by adding nonlinear damping, for instance. Hence, it is of-
ten possible to obtain additional robustness to model uncertainty and exogenous

99
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(externally-generated) disturbances, which is important for the control of marine
vehicles because it is typically difficult to obtain precise models in practice. The
most basic form of backstepping generally leads to proportional-derivative-like con-
trollers. Because of its versatility, backstepping is often combined with other control
methods, such as optimal control and adaptive control. The backstepping method-
ology also makes it fairly straightforward to handle actuator constraints. Lastly, a
significant advantage of backstepping controllers is that they have globally bounded
tracking errors. Because of these advantages, backstepping is one of the most widely
used type of control for marine vehicles.

However, a serious drawback is that the implementation of a backstepping con-
troller often involves an explosion of complexity, whereby differentiation of the plant
model requires that a very large number of terms be included in the computation of
the control law.

4.2 Inverse Dynamics

Inverse dynamics is a special case of input-output feedback linearization. For marine
vehicles, inverse dynamics can be separated into velocity control in the body-fixed
frame and position and attitude (pose) control in the NED frame [1].

4.2.1 Body-fixed Frame Inverse Dynamics

Consider the kinetic equation of motion for a marine vehicle,

Mv̇+C(v)v+D(v)v+g(h) = t.

A control input
t = f(h ,v, t)

that linearizes the closed loop system is sought. By inspection, it can be seen that if
a control input of the form

t = Mab +C(v)v+D(v)v+g(h)

can be found, the equation of motion reduces to

v̇ = ab,

where ab can be thought of as the commanded acceleration of the vehicle in the
body-fixed frame. This new system is linear. Further, if the input ab is designed so
that each of its components are decoupled, i.e. so that abi is only a function of hi
and vi for i = 1, . . . ,n, the closed loop system is also decoupled. A simple approach
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is to design a linear proportional integral derivative control law of the form

ab = v̇d �Kpṽ�Ki

Z t

0
ṽ(t)dt �Kd ˙̃v,

where vd = vd(t) is the desired velocity, ṽ := v�vd is the velocity error, and Kp > 0,
Ki > 0 and Kd > 0 are diagonal proportional, integral and derivative gain matrices,
respectively. Note that the first term of ab, v̇d , functions as a feedforward term for
the desired acceleration.

4.2.2 NED Frame Inverse Dynamics

Next, consider the full equations of motion for a marine vehicle

ḣ = J(h)v,

Mv̇ = �C(v)v�D(v)v�g(h)+ t.

Position and orientation trajectory tracking can be accomplished by commanding an
acceleration an (measured with respect to an Earth-fixed inertial reference frame) of
the form

ḧ = an

that linearizes the closed loop system. Taking the time derivative of the first term in
the vehicle equations of motion gives

ḧ =
d [J(h)]

dt
v+J(h)v̇.

Solving for v̇ gives

v̇ = J
�1
(h)

⇢
ḧ � d [J(h)]

dt
v

�
.

Substituting this into the equations of motion yields

MJ
�1
(h)

⇢
ḧ � d [J(h)]

dt
v

�
=�C(v)v�D(v)v�g(h)+ t.

If t is selected as

t = MJ
�1
(h)

⇢
an �

d [J(h)]

dt
v

�
+C(v)v+D(v)v+g(h)

the closed loop system becomes
ḧ = an.
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As above, a linear proportional integral derivative control law can now be designed
as

an = ḧd �Kph̃ �Ki

Z t

0
h̃(s)ds �Kd ˙̃h ,

where s is used as an integration variable, hd = hd(t) is the desired position and
orientation of the vehicle, h̃ := h �hd is the pose error, and Kp > 0, Ki > 0 and
Kd > 0 are diagonal proportional, integral and derivative gain matrices, respectively.
As above, the first term of an, ḧd , functions as a feedforward term. Note that the
transformation matrix J(h) must be nonsingular to use this approach, which limits
the magnitude of the pitch angle of the vehicle to the range �p/2 < q < p/2.

4.2.3 Fundamental Concepts in Feedback Linearization

The use of inverse dynamics to design a nonlinear controller, is a special case of
feedback linearization. It can be seen that the use of inverse dynamics essentially
splits the controller into two parts, an inner loop that exactly linearizes the nonlinear
system, and an outer loop, which can be designed using linear techniques according
to tracking or disturbance rejection performance requirements (Fig. 4.1). The more
general process of feedback linearization works in the same way, except that the
outer-loop process of linearizing the nonlinear system may also involve a transfor-
mation of the state variable into a new set of coordinates. While inverse dynamics
can be sufficient for many problems involving the control of marine vessels, the
use of the more general form of feedback linearization may be needed when solving
marine vehicle control problems that must take actuator dynamics or underactuation
into account [9].

ÂTrajectory

Planner

Outer Loop

Controller�

+hd h̃ han

Outer Loop

Inner Loop

Controller

Marine

Vehicle

Linearized System

t

Inner Loop

Fig. 4.1 Block diagram of a controller designed using feedback linearization. The system consists
of an inner loop, which uses an, as well as the states v and h , to compute a control input t that
compensates for nonlinearities in the plant model. The outer-loop consists of a trajectory tracking
linear controller, which can be designed based on the decoupled linear plant model.
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4.3 Integrator Backstepping

Consider the dynamic equations of a marine vehicle in body-fixed coordinates

ḣ = J(h)v,

Mv̇ = �C(v)v�D(v)v�g(h)+ t +wd .

Note the structure of the equations. The terms h and v are state variables. The equa-
tions are coupled and there are functions of the state variables (i.e. J(h), C(v),
and D(v)) that are multiplied by the state variable v. The coupling created by the
products of nonlinear functions of the state variables multiplying the state variables
makes it difficult to identify a control input that can be used to stabilize the sys-
tem around a desired equilibrium point. Backstepping techniques provide means of
decoupling the dynamic equations so that they can be stabilized.

Backstepping concepts are introduced gradually here. First we examine a the
backstepping procedure applied to a simple two-state SISO system and then a vec-
torial form of backstepping that can be used for marine vehicle control.

4.3.1 A simple 2-state SISO system

Consider the single-input single-output (SISO) system

ẋ1 = f1(x1)+g1(x1)x2, (4.1)

ẋ2 = u, (4.2)

y = x1,

where f1(x1) and g1(x1) are known functions. It is assumed that g1(x1) 6= 0 for all x1
in the domain of interest. The control objective is to design a state feedback control
law that tracks a desired output yd(t).

The system can be viewed as a cascade connection of two components. The first
component (4.1) can be thought of as having the state x2 as a virtual control input
and the second component (4.2) is an integrator with u as input (see Fig. 4.2). Since
there are two states x1 and x2, the design will be conducted recursively in 2 steps.

Suppose that we can find a smooth stabilizing function a1(x1) that permits us to
decouple the system by driving x2 ! a1. To see how this can work, let us add and
subtract g1(x1)a1(x1) to the right hand side of (4.1) to obtain a new system

ẋ1 = [ f1(x1)+g1(x1)a1(x1)]+g1(x1)[x2 �a1(x1)] (4.3)

ẋ2 = u. (4.4)
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Fig. 4.2 Block diagram of system (4.1)–(4.2).
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Fig. 4.3 Block diagram of system (4.3)–(4.4). The stabilizing function a1(x1) is introduced to
stabilize the x1 system (4.3) at x1 = 0.

Define the stabilization errors as

z1 := y� yd = x1 � yd (4.5)

and
z2 := x2 �a1. (4.6)

Then (4.1) and (4.2) can be rewritten in terms of the stabilizations errors as

ż1 = ẋ1 � ẏd = [ f1(x1)+g1(x1)a1]+g1(x1)z2 � ẏd , (4.7)

ż2 = u� ȧ1 = v. (4.8)

From (4.7), it can be seen that when x2 ! a1, so that z2 ! 0, the resulting sub-
system ż1 = f1(x1)+ g1(x1)a1(x1)� ẏd can be stabilized independently of z2. The
stabilizing function needed to achieve this will be determined as the first step of the
backstepping control design process. As can be seen by comparing Fig. 4.4 with
Fig. 4.2, the new system (4.7)–(4.8) is similar to the one we started with (4.1)–(4.2).
However, when the input of this new system is v = 0, it can be asymptotically sta-
bilized to its origin (z1 = 0,z2 = 0).

Also note that by comparing Fig. 4.4 with Fig. 4.3, we can see that in the process
of stabilizing the x2 function we are stepping a1(x1) back through an integrator
block to compute v = u� ȧ1. This is why this control design technique is known as
integrator backstepping.

The stabilizing function a1 and the control input u will be determined by se-
lecting a suitable control Lyapunov function (CLF) V (z1,z2,u). Recall from Sec-
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Fig. 4.4 Block diagram of system (4.7)–(4.8). The control input u is selected to stabilize the x2
system.

tion 2.6.2 that a Lyapunov function V , is an energy-like function that can be used
to determine the stability of a system. If we can find a positive definite V > 0 that
always decreases along trajectories of the system, e.g.

V̇ =
∂V
∂ z1

ż1 +
∂V
∂ z2

ż2 < 0 8z1,z2 6= 0,

we can conclude that the minimum of the function is a stable equilibrium point.
Lyapunov functions can be used to test whether a dynamical system is stable, e.g.
whether the system will remain within some domain D when it starts at some initial
state [z1(0) z2(0)]T 2 D, or whether a system is asymptotically stable, meaning
that when it starts at some initial state [z1(0) z2(0)]T , limt!•[z1(t) z2(t)]T !
0. Similarly, CLFs are used to test whether a closed loop system can be feedback
stabilized — e.g. whether or not a control input u(z1,z2, t) exists that can drive the
system from any initial state [z1(0) z2(0)]T to [z1(t) z2(t)]T = 0.

Here, we explore use of the candidate CLF

V =
1
2

z2
1 +

1
2

z2
2. (4.9)

Taking its time derivative gives

V̇ = z1ż1 + z2ż2,

= z1 [ f1(x1)+g1(x1)a1 +g1(x1)z2 � ẏd ]+ z2(u� ȧ1).
(4.10)

Noting that z1g1(x1)z2 = z2g1(x1)z1, this term can be moved from the first expres-
sion in square brackets to the second one so that the first one is a function of x1 only,
so that (4.10) can be rewritten as

V̇ = z1 [ f1(x1)+g1(x1)a1 � ẏd ]+ z2[u� ȧ1 +g1(x1)z1]. (4.11)

Step 1: With our assumption that g1(x1) 6= 0 in our domain of interest, select a1 as

a1 =
1

g1(x1)
[�k1z1 + ẏd � f1(x1)] , (4.12)
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where k1 > 0. Then, using (4.11), (4.7) and (4.8) gives

V̇ =�k1z2
1 + z2[u� ȧ1 +g1(x1)z1]. (4.13)

As the first term on the right hand side of this equation is negative definite, the z1
subsystem is stabilized with our choice of a1.
Step 2: Next, the control input u is selected to stabilize the z2 system by making the
remaining terms in (4.13) negative definite. Let

u =�k2z2 + ȧ1 �g1(x1)z1 (4.14)

with k2 > 0, then
V̇ =�k1z2

1 � k2z2
2 < 0 8z1,z2 6= 0. (4.15)

As V̇ is negative definite 8z1,z2 6= 0, the full system is now stabilized. Further, using
(4.9) and (4.15) it can be seen that

V̇ �2µV (4.16)

where µ := min{k1,k2}. Let the value of V at time t = 0 be V0, then integrat-
ing (4.15) gives

V V0e�2µt , (4.17)

where
V0 :=

1
2
⇥
z1(0)2

+ z2(0)2⇤ .

Thus, using (4.17) and (4.9), we find that both z1(t) and z2(t) decrease exponentially
in time and that the controller is globally exponentially stable.

In terms of the states x1, x2 and the desired time-dependent trajectory yd(t), the
final control law can be rewritten as

u =�k2(x2 �a1)+ ȧ1 �g1(x1) [x1 � yd ] , (4.18)

where
a1 =� 1

g1(x1)
[ f1(x1)+ k1(x1 � yd)� ẏd ] . (4.19)

The computation of the control input u requires one to take the time derivative of the
stabilizing function, ȧ1. There are two important implementation issues associated
with this:

1) The Explosion of Complexity: The computation of ȧ1 involves taking time
derivatives of the states and plant model, which in turn can lead to a situation
sometimes called an explosion of complexity [8, 7], where the number of terms
required to compute the time derivative of the stabilizing function becomes very
large. In general, one should avoid taking the time derivatives of the states di-
rectly, instead using the original state equation whenever possible. For example,
ȧ1 can be computed as
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ȧ1 =
∂a1

∂x1
ẋ1 =

∂a1

∂x1
[ f1(x1)+g1(x1)x2]. (4.20)

The Dynamic Surface Control Technique [8, 7, 9] is an approach developed to
avoid this problem.

2) As can be seen from (4.19), the computation of ȧ1 also involves the second
derivative in time of the desired trajectory. In order for the control input to be
bounded, the desired trajectory must be smooth and continuous to second order.
In practice, it is common to pass the desired trajectory through a linear filter to
ensure the smoothness of ÿd(t).

Example 4.1. A buoyancy-driven automatic profiler is used to collect data by verti-
cally traversing the water column in the open ocean (Fig. 4.5). Careful regulation of
the profiler’s vertical speed is desired to ensure the effectiveness of the sampling in-
strumentation, which could be a conductivity-temperature-depth (CTD) sensor, for
example. The vertical ascent/descent rate is controlled using a piston to regulate the
system’s buoyancy by changing the volume of an oil-filled bladder. The equation of
motion of the system is

ẋ1 =�rACd

2m
x1|x1|+

g(r �r f )

m
x2 (4.21)

where x1 is the ascent/descent rate of the profiler, m is the mass and added mass,
A is the frontal area, Cd is the drag coefficient, x2 is the change in piston volume,
g is gravity, r is the density of seawater and r f is the density of the oil. The control
input is the piston’s rate of volume change (the product of the piston velocity and
the circular cross sectional area of the piston head),

ẋ2 = u. (4.22)

The system output is the ascent/descent rate y = x1. Comparing (4.21) and (4.22)
to (4.1) and (4.2), we see that

f1(x1) =�rACd

2m
x1|x1|, and g1(x1) =

g(r �r f )

m
.

From (4.19) we have

a1 =� m
g(r �r f )


�rACd

2m
x1|x1|+ k1(x1 � yd)� ẏd

�

=� m
g(r �r f )


�rACd

2m
x2

1sgn(x1)+ k1(x1 � yd)� ẏd

�

and from (4.20)
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Fig. 4.5 The cyclesonde, an example of a buoyancy-controlled automatic profiler [3].

ȧ1 =
∂a1

∂x1
ẋ1,

=� m
g(r �r f )

⇢
�rACd

2m
∂
∂x1

⇥
x2

1sgn(x1)
⇤
+ k1

�
ẋ1,

=� m
g(r �r f )

⇢
�rACd

2m
⇥
2x1sgn(x1)+2x2

1d (x1)
⇤
+ k1

�
ẋ1,

=� m
g(r �r f )


�rACd

m
|x1|+ k1

�
ẋ1,

Then from (4.18) the control input is

u =�k2(x2 �a1)+ ȧ1 �
g(r �r f )

m
[x1 � yd ] .
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Let the control gains be k1 = 1 and k2 = 1. The physical characteristics of the profiler
and the other constants used are m = 4320 kg, A = 1 m2, Cd = 1.0, g = 9.81 m/s2,
r = 1025.9 kg/m3 and r f = 850 kg/m3. The ascent/descent rate of the closed loop
system is shown for a time varying yd(t) in Fig. 4.6.
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Fig. 4.6 Vertical ascent/descent rate x1 of the buoyancy-driven profiler when tracking a desired
time-dependent input yd(t). The vertical axis of the plot is reversed, as the downward direction
(increasing depth) is usually taken to be positive for marine vehicles.

ut

4.4 Backstepping for Trajectory Tracking Marine Vehicles

Recall the equations of motion for a marine vehicle

ḣ = J(h)v

and
Mv̇+C(v)v+D(v)v+g(h) = t

in body-fixed coordinates [1]. For the time being, any actuator constraints and the
effects of external disturbances are neglected.

In the following formulation, the coordinate transformation matrix J(h), which
is used to convert the representation of vectors between a body-fixed coordinate
system and an Earth-fixed North-East-Down coordinate system, is based on the use
of Euler angles. The transformation matrix J(h) has singularities at pitch angles of
q =±p/2. Here, it is assumed that |q |< p/2.

Note that the singularities at q =±p/2 are not generally a problem for un-
manned ground vehicles or unmanned surface vessels. However, unmanned aerial
vehicles and underwater vehicles may occassionally approach these singularities if
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performing extreme maneuvers. In such cases, as suggested in [1], the kinematic
equations could be described by two Euler angle representations with different sin-
gularities and the singular points can be avoided by switching between the repre-
sentations.

The control objective is to make the system track a desired trajectory hd . The
trajectory hd and its derivatives h(3)

d , ḧd , and ḣd are assumed to be smooth and
bounded.

Two approaches, often used for backstepping control design in marine vehicles,
are presented here. The first approach uses a straight-forward implementation of
vectorial backstepping. The second approach presented relies upon the definition
of a virtual reference velocity and requires that the equations of motion be refor-
mulated in a NED, Earth-fixed inertial reference frame where the inertia tensor be-
comes a function of vehicle orientation M(h). This second approach is similar to
that often used for designing controllers for robotic manipulators and is based on
the concept of passivity [5, 6]. The passivity approach is slightly more complicated,
but has advantages when using backstepping for adaptive or robust control. Further,
the passivity approach permits one to more heavily weight either position track-
ing or velocity tracking, as desired. On the other hand, with the straight-forward
vectorial backstepping approach the identification of a control law is simpler. Both
approaches ensure the global exponential stability of the closed loop system in the
absence of model uncertainty and disturbance.

4.4.1 Straight-forward backstepping

Let
h̃ := h �hd , h̃ 2 Rn (4.23)

be the Earth-fixed tracking surface error and define the body-fixed velocity surface
error vector as

ṽ := v�a1, ṽ 2 Rn (4.24)

Using (4.23) and (4.24), the kinematic and kinetic equations of motion can be rewrit-
ten as

˙̃h = J(h)v� ḣd = J(h)ṽ+J(h)a1 � ḣd ,

M ˙̃v = �C(v)v�D(v)v�g(h)+ t �Mȧ1.
(4.25)

Consider the candidate Lyapunov function

V =
1
2

h̃T h̃ +
1
2

ṽ
T

Mṽ. (4.26)

Taking the time derivative gives

V̇ = h̃T ˙̃h + ṽ
T

M ˙̃v, (4.27)
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where it is assumed that M = M
T > 0. Using (4.25), V̇ can be written as

V̇ = h̃T
[Jṽ+Ja1 � ḣd ]+ ṽ

T
[�Cv�Dv�g+ t �Mȧ1] ,

= h̃T
[Ja1 � ḣd ]+ ṽ

T ⇥
J

T h̃ �Cv�Dv�g+ t �Mȧ1
⇤
.

(4.28)

The stabilizing function a1 and control input t can be selected so that

V̇ =�h̃T
Kph̃ � ṽ

T
Kd ṽ < 0, (4.29)

where Kp = K
T
p > 0 2Rn⇥n and Kd = K

T
d > 0 2Rn⇥n are positive definite matrices

of control gains. To accomplish this take

Ja1 � ḣd =�Kph̃

so that
a1 := J

�1
[�Kph̃ + ḣd ] (4.30)

and
J

T h̃ �Cv�Dv�g+ t �Mȧ1 =�Kd ṽ,

which gives
t :=�Kd ṽ+Mȧ1 +Cv+Dv+g�J

T h̃ . (4.31)

The closed loop error dynamics can be obtained using (4.25), (4.30) and (4.31)
to get

˙̃h = �Kph̃ +Jṽ,

M ˙̃v = �Kd ṽ�J
T h̃ ,

(4.32)

which has a stable equilibrium point at (h̃ , ṽ) = (0,0).
From (4.29), it can be seen that

V̇ �Lmin(Kp)h̃T h̃ �Lmin(Kd)ṽ
T

ṽ,

where Lmin(K) denotes the minimum eigenvalue of matrix K. Noting that M =

M
T > 0 implies that ṽ

T
ṽ  ṽ

T
Mṽ so that

V̇ �Lmin(Kp)h̃T h̃ �Lmin(Kd)ṽ
T

Mṽ �2µV,

where µ = min{Lmin(Kp),Lmin(Kd)}. Taking V0 to be the value of V at time t = 0,
V can therefore be expressed as

V =V0e�2µt .

Since V is radially unbounded (i.e. V ! • if h̃ ! • or ṽ ! •) and exponentially
decaying with a stable equilibrium point at the origin, the closed loop system is
globally exponentially stable.
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4.4.2 Passivity-based backstepping

Let
h̃ := h �hd (4.33)

be the Earth-fixed tracking error. Then define an Earth-fixed reference velocity [5],
also called a virtual reference trajectory [1], as

ḣr := ḣd �Lh̃ , (4.34)

where L > 0 is a diagonal control design matrix. In body-fixed (NED-fixed) coor-
dinates the reference velocity is

vr := J
�1
(h)ḣr. (4.35)

Let s be a measure of tracking [4, 2] (also referred to as a velocity error [5]) defined
as

s := ḣ � ḣr =
˙̃h +Lh̃ . (4.36)

As shown in [1], the equations of motion (both kinematic and kinetic) can be
rewritten in the combined form

Mh(h)ḧ +Ch(v,h)ḣ +Dh(v,h)ḣ +gh(h) = J
�T

(h)t, (4.37)

where
Mh(h) = M

T
h(h)> 0,

s
T


1
2

Ṁh(h)�Ch(v,h)

�
s = 0, 8v,h ,s

Dh(v,h)> 0,

(4.38)

and the relationships between the terms M, C(v), D(v) and g(h) in the body-fixed
coordinate system and Mh(h), Ch(v,h), Dh(v,h) and gh(h) in the Earth-fixed
coordinate system are provided in Table 4.1 below. Note that the second property
in (4.38) results from the fact that

⇥ 1
2 Ṁh(h)�Ch(v,h)

⇤
is skew symmetric. The

skew-symmetry of this term can be viewed as an expression of the conservation of
energy [5].

Remark 4.1. As shown in (4.38), the drag tensor D(v) is strictly positive, such that

D(v)> 0 ) 1
2

x
T
[D(v)+D

T
(v)]x > 0,8x 6= 0.

This assumption implies that Dh is also strictly positive. We can see this by exam-
ining the symmetric part of Dh ,
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Table 4.1 Relations between the inertia tensor, Coriolis/centripetal acceleration tensor, drag tensor
and hydrostatic force vector in Earth-fixed and body-fixed coordinate systems.

Mh (h) := J
�T

(h)MJ
�1

(h)

Ch (v,h) := J
�T

(h)[C(v)�MJ
�1

(h)J̇(h)]J
�1

(h)

Dh (v,h) := J
�T

(h)D(v)J
�1

(h)

gh (h) := J
�T

(h)g(h)

1
2 x

T ⇥
Dh +D

T
h
⇤

x =
1
2 x

T
n

J
�T

(h)D(v)J
�1
(h)+

⇥
J
�T

(h)D(v)J
�1
(h)
⇤To

x,

=
1
2 x

T ⇥
J
�T

(h)D(v)J
�1
(h)+J

�T
(h)D

T
(v)J

�1
(h)
⇤

x,

=
1
2 x

T
J
�T

(h)
⇥
D(v)+D

T
(v)
⇤

J
�1
(h)x,

Let x̄
T := x

T
J
�T

(h), then x̄ = J
�1
(h)x, which implies

1
2

x
T ⇥

Dh +D
T
h
⇤

x =
1
2

x̄
T ⇥

D(v)+D
T
(v)
⇤

x̄ > 0,8x̄ 6= 0,

so that Dh(v,h) is also strictly positive. This result will be used in the stability
analysis below.

The product Mh(h)ṡ is an important quantity that will be used in the controller
derivation. It can be written as

Mh(h)ṡ = �Ch(v,h)s�Dh(v,h)s

+J
�T

(h) [t �Mv̇r �C(v)vr �D(v)vr �g(h)] ,
(4.39)

where v̇r = J̇
�1
(h)ḣr +J

�1
(h)ḧr = J̇

�1
(h)ḣr +J

�1
(h) [ḧd �L (ḣ � ḣd)].

Step 1: Define the virtual control signal

ḣ = J(h)v := s+a1, (4.40)

where a1 is a smoothly continuous function that stabilizes the system at the origin,
which can be chosen as

a1 = ḣr = ḣd �Lh̃ . (4.41)

Then, (4.40) can be written as

˙̃h =�Lh̃ + s. (4.42)

Next, consider the Lyapunov function candidate
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V1 =
1
2

h̃T
Kph̃ . (4.43)

Its time derivative is

V̇1 = h̃T
Kp ˙̃h =�h̃T

KpLh̃ + h̃T
Kps (4.44)

where Kp = K
T
p > 0 is a design matrix.

Step 2: Consider the Lyapunov function candidate

V2 =V1 +
1
2

s
T

Mh(h)s. (4.45)

Its time derivative is

V̇2 =�h̃T
KpLh̃ + s

T


Kph̃ +Mh(h)ṡ+
1
2

Ṁh(h)s

�
. (4.46)

Using (4.39) and then applying the skew symmetry property of
⇥ 1

2 Ṁh(h)�Ch(v,h)
⇤

in (4.38), V̇2 can be rewritten as

V̇2 = �h̃T
KpLh̃ � s

T
Dh(v,h)s

+s
T

J
�T

(h)
⇥
J

T
(h)Kph̃ + t �Mv̇r �C(v)vr �D(v)vr �g(h)

⇤
.

(4.47)

Select the control law to be

t = Mv̇r +C(v)vr +D(v)vr +g(h)�J
T
(h)Kds�J

T
(h)Kph̃ . (4.48)

Then V̇2 becomes

V̇2 =�h̃T
KpLh̃ � s

T
[Dh(v,h)+Kd ]s. (4.49)

Since L > 0, Kp > 0 and Dh(v,h) > 0, V̇2 < 0, 8v,h ,s 6= 0. Note that the closed
loop error system is given by

˙̃h = �Lh̃ + s,

Mh(h)ṡ = �Ch(v,h)s�Dh(v,h)s�Kds�KpLh̃ .

Thus, it can be seen that the use of passivity does not lead to a linear closed loop er-
ror system, as straight-forward backstepping does in (4.32). However, the trajectory
tracking control law developed with the use of the passivity (4.48) can be shown to
render the closed loop system globally exponentially stable (see [1]).
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4.4.3 Backstepping implementation issues

The first two implementation issues are associated with the computation of the time
derivatives of the stabilizing functions a i. Both of these issues become more com-
plicated as the order of the system n increases.

(1) Computing the time derivatives of the stabilizing functions a i involves taking
time derivatives of the state variables, which appear in the dynamic model of the
system. These computations can involve a very large number of terms, leading
to the explosion of complexity problem discussed in Section 4.3.1.

(2) Computing the time derivatives of the stabilizing functions a i also requires tak-
ing higher order time derivatives of the desired trajectory. Generally, these time
derivatives must be smooth and bounded to at an order corresponding to at least
the number of integrators in the dynamic system in order to ensure that the
stabilizing functions and control input are bounded.
If a desired trajectory is not smooth to the required order, a simple approach
for using backstepping is to generate an approximate trajectory by passing the
desired trajectory through a low pass linear filter [1]. For example, the square
wave like trajectory used in Example 4.1 above was generated by passing a
square wave trajectory through a second order linear filter.
To ensure that the smoothed trajectory is feasible, the choice of filter parameters
should be based on the dynamics of the vehicle, taking into account speed and
acceleration limits, as well as actuator constraints. The bandwidth of the filter
used to generate the reference trajectory should be lower than the bandwidth of
the motion control system.
Let r(t) be the unfiltered trajectory. The approximate desired trajectory yd(t) to
be used for backstepping control can be determined as

yd(t) = G f (s)R(s) (4.50)

where s is the Laplace transform variable and G f (s) is the low pass filter transfer
function. A convenient filter function that can be used for marine vessels is the
canonical form of a second order system

G f (s) =
w2

n
s2 +2z wns+w2

n
, (4.51)

where the natural frequency wn and damping ratio z can be tuned to specify the
phase lag and overshoot between the desired and approximate trajectories. They
should also be tuned bearing in mind the physical capabilities of the vehicle to
be controlled, as discussed above. If needed, higher order filters can be obtained
by taking powers of G f (s). For example a fourth order filter can be constructed
with

G4(s) = G f (s) ·G f (s) =
w4

n

[s2 +2z wns+w2
n ]

2 . (4.52)
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During computational implementation, it is often convenient to express these
filters in state space form. For example, the second order differential equation
corresponding to the application of (4.51) to a nonsmooth input trajectory r(t)
to produce an approximate trajectory yd(t) is given by

ÿd +2z wnẏd +w2
n yd = w2

n r, (4.53)

so that
ÿd =�2z wnẏd �w2

n yd +w2
n r.

Let yd1 = yd , yd2 = ẏd and yd = [yd1 yd2]
T , then

ẏd =


0 1

�w2
n �2z wn

�
yd +


0

w2
n

�
r. (4.54)

With this system, given a nonsmooth r(t) one can solve for a smooth yd(t) and
ẏd(t) (note that ÿd(t) will not be smooth because it has r(t) as an input).

Remark 4.2 (Numerical differentiation of a signal). Note that linear state
space filtering of a signal of the form shown in (4.54) can be used to
compute the time derivative of any input signal and can be extended to
compute higher order derivatives by using the state space representation
of higher order filters, such as the 4th order filter given by (4.52). This can
be useful in many practical circumstances, for example when it is neces-
sary to compute the time derivative of a signal measured by a feedback
sensor, or the time derivative of a stabilizing function. By formulating
the state space equations as a set of finite difference equations, it is fairly
easy to implement such a differentiator on a control computer (e.g. a mi-
crocontroller or single board computer). Normally, the highest order time
derivatives will contain the most noise, so the order of the filter should be
higher than the order of the desired derivative. Note that some phase lag
and attenuation of the filtered signal and its time derivatives will occur,
depending on the values of z and wn. These values should be selected
based on knowledge of how fast the input signal tends to fluctuate.

(3) In the computation of the stabilizing functions and control input it is implicitly
assumed that the terms fi(xi) and Gi(xi) are precisely known. However, there
will generally be some uncertainty associated with the dynamical model of any
physical system. By including the linear terms �kizi, where zi is the state error
as in (4.15), in the stabilizing functions and control input, it can be ensured
that the control Lyapunov function of the closed loop system is positive definite
and that its derivative is negative definite when model uncertainties are small.
The terms �kizi can be thought of as linear damping terms. However, owing
to the nonlinearity of most systems, model uncertainty can adversely affect the
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stability of the system when it is operated away from its closed loop equilibrium
point ã i = 0. The nonlinearities associated with model uncertainty are often
referred to as bad nonlinearities.
With backstepping it is relatively straightforward to make the closed loop sys-
tem more robust to model uncertainty by including additional nonlinear damp-
ing terms in the definitions of the stabilizing functions and control input, e.g.
of the form �kiz3

i , etc.. Such nonlinear damping is intended to dominate any
“bad nonlinearities”. By suitable selection of the control gains multiplying these
nonlinear damping terms, it is (in principle) possible to ensure that the system
is stable.
Since it can be difficult to characterize the bad nonlinearities, an obvious draw-
back to the use of nonlinear damping is that the control effort used may be more
than is actually required. An approach to mitigating this problem is the use of
nonlinear disturbance observer based control [9].
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Problems

4.1. Consider the longitudinal motion of an underwater vehicle. The equation of
motion is

mu̇ =�c|u|u+ t,

where m is the mass of the vehicle, c is the drag coefficient, u is the surge speed and
t is the control input (thrust force generated by a propeller). Let x2 = ẋ1 = u and
x = [x1 x2]

T .

a) Use the inverse dynamics approach (Section 4.2.2) to find a linearizing PID con-
trol input t to track a desired time dependent position xd(t).

b) Take m = 40 kg and c = 1.25 kg/m. Create a numerical simulation using your
result from part a) to follow the trajectory

xd(t) =

8
>><

>>:

5 m, 0 < t  20 secs,

15 m, 20 < t  60 secs,

0 m, 60 < t  120 secs.

Assume that the vehicle starts from rest, i.e. x1(0) = x2(0) = 0. Experiment
with different proportional, derivative and integral gains to see how the response
varies.

c) Repeat part b) when the model of the system is uncertain. I.e., let the value of the
drag coefficient in the control input ct be slightly different from what it is in the
system model c. How do the simulations vary when ct = {0.5c,0.75c,1.25c,1.5c}?

Tug

Ship

U

y

Fig. 4.7 Tugboat aligning a cargo ship.

4.2. Consider the situation shown in Fig. 4.7 in which a tugboat is used to guide
the path of a cargo ship coming into port. Modeling the hull of the cargo ship as
being symmetrical about the vertical centerline plane and ignoring any air or wave
drag, we will take the yaw response of the ship to result from a combination of the
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hydrodynamic Munk moment and the moment applied by the tugboat. The equations
of motion are given by

ẋ1 = x2,

ẋ2 = sin(x1)cos(x1)+ucos(x1),

y = x1,

where x1 := y and x2 := r are the yaw angle and yaw rate of the cargo ship. The
control objective is to stabilize the system at x = [y r]T = 0. Design a backstepping
controller.

a) Define suitable error surfaces z1 and z2.
b) Rewrite the equations of motion in terms of the error surfaces.
c) Using the candidate Lyapunov function

V =
1
2

z2
1 +

1
2

z2
2,

find the stabilizing function and control input that stabilize the system.

4.3. A CTD is a device used to obtain profiles of the conductivity, temperature,
density and sound speed versus depth. CTDs are often lowered and raised from the
side of a boat using a davit (small crane) with a cable reel to let out and pull in the
CTD cable. CTDs are often designed to be used with profiling speeds in the range
0.5  |v| 2 m/s, with speeds of about 1 m/s generally being the best compromise
between data quality and profile resolution. A tachometer is used as a feedback
sensor for measuring the cable speed. The rate of change of the radius of the reel r
is

dr
dt

=�d2
c w

2pw
,

where dc is the diameter of the cable, w is the width of the reel and w is the angular
velocity of the reel.

The relation between reel angular velocity and the input torque from the con-
troller t is

I
dw
dt

= t.

The inertia I changes when the cable is wound or unwound. The equation I = 50r4 �0.1
can be used to account for the changing inertia.

Rather than writing out all of the terms involved, the analysis can be simplified
by expressing the dynamics of the system in the following form

ṙ = �aw,

ẇ = i(r)t,

y = rw,
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where the output y is the profiling speed of the CTD, the constant a := d2
c/(2pw),

and the function i(r) := 1/I = 1/(50r4 �0.1). Use the backstepping controller de-
sign technique to find a suitable control input.
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Lecture 5

Adaptive Control

Abstract The basic principles of adaptive control are presented, including model
reference adaptive control, adaptive feedback linearization of single input, single
output systems and adaptive feedback linearization for multiple input, multiple out
systems.

5.1 Introduction

The dynamics of a marine vehicle are generally almost always uncertain. In the
first place, it can be very difficult to accurately measure the inertial characteristics
(e.g. the exact center of mass, distribution of mass, etc.) and damping (which can
depend on temperature and loading) of a marine vehicle (parametric uncertainties).
Secondly, even if these characteristics could be measured with high precision, they
would likely vary over time as the vehicle is used, or because the system is recon-
figured slightly to accommodate specific task requirements.

Marine vehicles are often used to transport loads (e.g. payloads, actuators, ma-
nipulators) of various sizes, weights, and inertial distributions. It is very restrictive
to assume that the inertial parameters of such loads are well-known and static. If
controllers with constant gains are used and the load parameters are not accurately
known, the vehicle motion can be inaccurate or unstable.

Marine vehicles are often automatically steered to follow a path or trajectory.
However, the dynamic characteristics of the vehicle strongly depend on many un-
certain parameters, such as the frictional characteristics of the ground surface (e.g.
snow, sand, ice, mud, grass, gravel, uneven ground), loading, wind conditions and
even the operational speed of the vehicle. Adaptive control can be used to achieve
good control performance under varying operating conditions, as well as to avoid
energy loss due to excessive actuation.

In some cases, the parameter uncertainty must be gradually reduced on-line by an
adaptation or estimation mechanism, or it may cause inaccuracy or instability of the
controlled marine vehicle. Without the continuous ”redesign” of the controller, an

121
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initially appropriate controller design may not be able to control the changing plant
well. Generally, the basic objective of adaptive control is to maintain consistent
performance of a system in the presence of uncertainty or unknown variation in
plant parameters.

Note that ordinary feedback control with a constant gain controller can also re-
duce the effects of parameter uncertainty. However, a constant gain feedback con-
troller is not an adaptive controller. Here, as in [1], we will take the attitude that
an adaptive controller is a controller with adjustable parameters and a mechanism
which adjusts those parameters online.

Adaptive control is an approach to the control of systems with constant or slowly-
varying uncertain parameters. Adaptive controllers can be thought of as having two
loops, an inner feedback loop consisting of the vehicle and controller, and an outer
loop which adjusts the control parameters. The basic idea is to estimate uncertain
parameters on-line using available state measurements, and to use the estimated
parameters in the control law. Here, we will assume that the unknown plant param-
eters are constant. In practice, adaptive control is often used to handle time-varying
unknown parameters. In order for the analysis results to be applicable to these prac-
tical cases, the time-varying plant parameters must vary considerably slower than
the parameter adaptation. Fortunately, this is often satisfied in practice.

5.2 Model Reference Adaptive Control

With model reference adaptive control (MRAC) techniques, a control system is gen-
erally composed of four blocks, as shown in Fig. 5.1: a) the marine vehicle, b) a
reference model, which specifies the desired output of the system, c) a feedback
control law containing the adjustable parameters, and d) an adaptation law, which
updates the adjustable parameters in the controller.

The structure of the dynamic equations governing the motion of the marine ve-
hicle are assumed to be known, although the exact values of the parameters in the
equations may be uncertain (e.g. the inertial and drag terms).

A reference model is used to specify the ideal response of the adaptive control
system to the reference command r(t). It provides the desired ideal plant response
that the adaptation mechanism drives the system toward when adjusting the param-
eters. The selection of an appropriate reference model is part of the control system
design and must satisfy two requirements: a) it should have the desired performance
characteristics to perform the given control task, e.g. rise time, settling time, over-
shoot, etc. b) the ideal reference behavior should be achievable for the adaptive con-
trol system, i.e., it must have the correct order and relative degree for the assumed
structure of the plant model.

The controller is parameterized by a number of adjustable terms. When the plant
parameters are exactly known, the corresponding controller parameters should make
the plant output identical to that of the reference model. When the plant parameters
are not known, the adaptation mechanism will adjust the controller parameters so
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that perfect tracking is can be achieved. If the control law is linear in terms of the
adjustable parameters, it is said to be a linearly parameterized control law. Existing
adaptive control designs normally require linear parameterization of the controller
in order to obtain adaptation mechanisms with guaranteed stability and tracking
convergence.

An adaptation mechanism is used to adjust the parameters in the control law
until the response of the plant under adaptive control becomes the same as that
of the reference model. As the objective of the adaptation mechanism is to make
the tracking error converge to zero, the adjustable parameters will not necessary
converge to the plant parameters. The basic ideas of MRAC are next illustrated
using an example in which a single parameter is adjusted.

Example 5.1. Consider the use of MRAC for the vertical position tracking of an
unmanned aerial vehicle (UAV). Let the mass of the vehicle be m, the vertical force
input from the propellers be t and g be gravity, the dynamics of the UAV in the
vertical direction are

mz̈ = mg+ t. (5.1)

The UAV is required to carry a small load, such as a camera, with an unknown
weight (Fig. 5.2). The control objective is to track a desired time-dependent height
zd(t).

Suppose that we would like the UAV to have the response of an ideal linear
second order system with the form

z̈m +2z wnżm +w2
n zm = w2

n zd(t), (5.2)

where zm is the position of the reference model, and the damping ratio z and the nat-
ural frequency wn are selected to satisfy a set of desired performance characteristics,
such as maximum overshoot

+r
Â
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Model

t y e

Adaptation

Law

q̂
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Outer Loop

Controller
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Fig. 5.1 A model reference adaptive control system. The arrow drawn across the controller indi-
cates that the control parameters are adjusted. The system can be thought of as having an inner
loop for control and an outer loop for parameter estimation.



124 5 Adaptive Control

Fig. 5.2 An unmanned aerial vehicle configured to carry a camera.

Mp = e�pz/
p

1�z 2
, 0 < z  1

and 2% settling time

ts =
4.0
z wn

.

First, let us assume that the mass of the UAV and its load are precisely known.
Take the control input to be t = m

�
�g+ z̈m �2l ˙̃z�l 2z̃

�
, where z̃ := z(t)� zm(t)

is the tracking error and l > 0 is a constant control gain, gives the closed loop error
dynamics

˙̃z1 = z̃2

˙̃z2 = �2l z̃2 �l 2z̃1,
(5.3)

where z̃1 := z̃ and z̃2 := ˙̃z. This system can be shown to be exponentially stable with
an equilibrium point at z̃2 = z̃1 = 0 (perfect tracking).

Now let us assume that the mass is not precisely known, but that we have an esti-
mate of it m̂, which we will use in the control law as t = m̂

�
�g+ z̈m �2l ˙̃z�l 2z̃

�
.

Then, (5.1) becomes

mz̈ = m̃g� m̂
�
�z̈m +2l z̃2 +l 2z̃1

�
, (5.4)

where m̃ := m� m̂. Following the approach in [2], we will define a new “combined
error variable” variable

s := z̃2 +l z̃1. (5.5)

If we compute ṡ+l s and simplify the result using (5.4), we get the following com-
bined expression for the closed loop tracking errors
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m(ṡ+l s) = m
� ˙̃z2 +2l z̃2 +l 2z̃1

�
,

= mz̈+m
�
�z̈m +2l z̃2 +l 2z̃1

�
,

= m̃g� m̂
�
�z̈m +2l z̃2 +l 2z̃1

�
+m

�
�z̈m +2l z̃2 +l 2z̃1

�
,

= m̃
�
�z̈m +2l z̃2 +l 2z̃1 +g

�
,

= m̃n .

(5.6)

Consider the following candidate Lyapunov function

V =
1
2

ms2
+

1
2g

m̃2, (5.7)

where g > 0 is an adaption gain. Taking the derivative of this along trajectories of
the closed loop system gives

V̇ = smṡ+
1
g

m̃ ˙̃m = smṡ� 1
g

m̃ ˙̂m, (5.8)

where it is assumed that ˙̃m ⇡ � ˙̂m because the value of the uncertain mass is either
constant or very slowly varying in time (compared to its estimate, which can be
updated much more rapidly). Using (5.6), this can be simplified to

V̇ = s [�ml s+ m̃n ]� 1
g

m̃ ˙̂m,

= �ml s2
+ m̃


sn � 1

g
˙̂m
�
.

(5.9)

We can ensure that V̇ < 0,8s 6= 0 by selecting an update law for the mass estimate
to be

˙̂m = gsn = gs
�
�z̈m +2l z̃2 +l 2z̃1 +g

�
(5.10)

Using Barbalat’s Lemma, one can show that s converges to zero. Thus, from (5.5)
it can be seen that both the position tracking error z̃1 and the velocity tracking error
z̃2 converge to zero.

Consider the use of an adaptive controller that permits a UAV to track a desired
vertical position containing step-like jumps of ±2.5 m (Fig. 5.3). Simulation results
are shown in Figs. 5.4. For comparison, the same controller with the adaptation
mechanism disabled is also shown. The unloaded mass of the UAV is m = 15 kg.
The UAV is carrying a payload (for example a camera) with a mass of mp = 1.5 kg,
but the control law is implemented without knowledge of the payload mass. The
reference model is taken to be an ideal second order system (5.2). The control de-
sign specifications are that for each step-like jump the peak overshoot and settling
time of the UAV should be Mp  0.05 and ts  1.8 secs, respectively. These design
criteria can be satisfied using z = 1/

p
2 and wn = p . It is also assumed that the UAV

can only generate thrust in the downward direction and that the maximum thrust is
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limited to twice the weight of the UAV. The gain of the parameter update law is
g = 1 and the control gain l = 10.

0 10 20 30 40 50

-7.5

-5

-2.5

0

2.5

Fig. 5.3 Desired position zd(t) of the UAV. The trajectory is plotted in the NED frame, where
upwards is in the negative direction.
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Fig. 5.4 a) Vertical position error of the UAV, and 2) mass estimate m̂ from the adaptive controller
versus actual mass m. The initial estimate of the total mass at t = 0 is taken to be m̂ = 15 kg. The
solid blue lines correspond to the adaptive controller and the dashed red line corresponds to the
corresponding non adaptive controller.

ut

5.3 Adaptive SISO Control via Feedback Linearization

Next we explore the use of adaptive control via feedback linearization for single-
input single-output systems, with multiple uncertain parameters. Consider an nth
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order nonlinear system in the form

mx(n) +
n

Â
i=1

qi fi(x, t) = t, (5.11)

where x = [x ẋ · · · x(n�1)
]
T is the state vector,

x(n) =
dnx
dtn , 8n,

the fi(x, t) are known nonlinear functions, and the parameters qi and m are uncertain
constants. Take the output of the system to be y(t) = x(t). Assume that the full state
vector x is measured.

The control objective is to make the output asymptotically track a desired, time-
dependent, trajectory yd(t), despite an uncertain knowledge of the parameters.

As in Example 5.1, a combined error variable s can be defined for the system as

s := e(n�1)
+ln�2e(n�2)

+ · · ·+l0e, (5.12)

where e := (y � yd) = (x � xd) is the output tracking error and li > 0 for all
i 2 {0, . . . ,(n� 2)}. Let x(n�1)

r := x(n�1)
d � ln�2e(n�1) � · · ·� l0e so that s can be

rewritten as
s := x(n�1)� x(n�1)

r . (5.13)

Take the control law to be

t = mx(n)r � ks+
n

Â
i=1

qi fi(x, t), (5.14)

where k is a constant of the same sign as m and x(n)r is the derivative of x(n�1)
r so that

x(n)r := x(n)d �ln�2e(n�1)� · · ·�l0ė. (5.15)

If the parameters were all well-known, the tracking error dynamics would be

mṡ =�ks, (5.16)

which would give the exponential convergence of s, and by extension the exponen-
tial convergence of e.

However, since the model parameters are not known, the control law is given by

t = m̂x(n)r � ks+
n

Â
i=1

q̂i fi(x, t), (5.17)

where m̂ and q̂i are the estimated values of m and the qi, respectively. Then, the
closed loop tracking error is given by
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mṡ =�ks+ m̃x(n)r +

n

Â
i=1

q̃i fi(x, t), (5.18)

where m̃ := m̂�m and q̃i := q̂i � qi are the parameter estimation errors. Consider
the candidate Lyapunov function

V = |m|s2
+ g�1

"
m̃2

+

n

Â
i=1

q̃ 2
i

#
. (5.19)

Its time derivative is

V̇ = 2|m|sṡ+2g�1

"
m̃ ˙̂m+

n

Â
i=1

q̃i
˙̂qi

#
. (5.20)

Using mṡ = |m|sgn(m)ṡ in (5.18), V̇ can be rewritten as

V̇ = [2sgn(m)s] |m|sgn(m)ṡ+2g�1

"
m̃ ˙̂m+

n

Â
i=1

q̃i
˙̂qi

#
,

= 2sgn(m)s

"
�ks+ m̃x(n)r +

n

Â
i=1

q̃i fi(x, t)

#
+2g�1

"
m̃ ˙̂m+

n

Â
i=1

q̃i
˙̂qi

#
,

= �2sgn(m)ks2
+2m̃

h
sgn(m)sx(n)r + g�1 ˙̂m

i

+2
n

Â
i=1

q̃i

h
sgn(m)s fi(x, t)+ g�1 ˙̂qi

i
.

(5.21)

With the assumption above that m and k have the same sign, V̇ can be reduced to

V̇ =�2|k|s2, (5.22)

which is negative definite for every s 6= 0, by selecting the parameter update laws to
be

˙̂m = �g sgn(m)sx(n)r ,

˙̂qi = �g sgn(m)s fi(x, t).
(5.23)

By using Barbalat’s Lemma one can show that the system is globally asymptotically
stable, so that the tracking errors converge to zero. It can also be shown that global
tracking convergence is preserved if a different adaptation gain gi is used for each
unknown parameter [2], i.e.

˙̂m = �g0 sgn(m)sx(n)r ,

˙̂qi = �gi sgn(m)s fi(x, t).
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Moving
Mass

Fig. 5.5 Use of a moving mass system to stabilize the roll axis of a USV in waves.

Example 5.2. A classic example of (5.11) is the nonlinear equation for the rolling
motion of an unmanned surface vehicle about its surge axis

mf̈ + cd |ḟ |ḟ + ksf = t, (5.24)

where m is the mass moment of inertia (including added mass) about the roll axis, c
is a damping coefficient and k is a spring constant related to the buoyancy-induced
righting moment. We will assume that m, cd and ks are unknown and use an adaptive
controller to stabilize the USV at f = 0. For example, consider the use of a moving
mass system to stabilize the roll axis of the vehicle in waves (Fig. 5.5).

Comparing (5.11) and (5.24), it can be seen that q1 = cd , q2 = ks, f1 = |ḟ |ḟ and
f2 = f . The system is second order so that n = 2. Taking the state variable to be
x = f and fd = ḟd = f̈d = 0, we get e = f , ẍr =�l0ḟ and s = ḟ +l0f . Thus, the
control law (5.17) is given by

t = m̂ẍr � ks+ q̂1|ḟ |ḟ + q̂2f .

The parameters estimates are found using the update laws

˙̂m = �g0 sẍr,

˙̂q1 = �g1 s|ḟ |ḟ ,
˙̂q2 = �g2 sf .

(5.25)

The roll response of the USV is shown in Fig. 5.6 when the system is uncontrolled,
and controlled with adaptive control and controlled with non adaptive control. The
true values of the system are m = 100 kg-m2, cd = 8.4 kg-m2 and ks = 17.5 N-m.
The control gains used are l0 = 2, g0 = 10, g1 = 10, g2 = 1, and k = 5. ut

As can be seen in Example 5.2, the adaptation mechanism does not necessarily
estimate the unknown parameters exactly, but simply generates values that permit a



130 5 Adaptive Control

a)
0 10 20 30 40 50 60

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

b)

0 10 20 30 40 50 60
30
40
50
60

0 10 20 30 40 50 60
6

7

8

0 10 20 30 40 50 60
4
6
8
10

Fig. 5.6 a) Roll response of the USV when f = p/4 at time t = 0 when the USV is uncontrolled,
and with adaptive controller and non adaptive controllers. The response with the adaptive controller
settles to within f = 0.02 rad in about 10.6 secs, whereas for the non adaptive controller it takes
about 17.5 secs. b) Parameter estimates for the adaptive controller and non adaptive controllers.
The initial values of the estimates are m̂ = 0.5m, q̂1 = 0.75cd and q̂2 = 0.5ks.

desired task to be achieved. The practical relevance is that physical effects, such as
inertial loading and drag can still be accounted for.
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Problems

5.1. Most propellers used on marine vehicles are rate-limited. The time response of
the thrust generated can be modeled as a first order system of the form

Tdu̇ =�u+uc,

where uc is the commanded thrust, u is the output thrust and Td is a time constant. In
general, Td is an uncertain parameter, as it can be difficult to measure experimentally,
varies with the speed of the vessel and can change over time (e.g. from propeller
blade damage caused by unintentional grounding). Use an adaptive control input
to provide an estimate of T̂d via the feedback linearization approach. Let the error
variable be s = u� ud , where ud(t) is the desired thrust, and take the control input
to be uc =�ks+ T̂d u̇d +u.

a) Take the candidate Lyapunov function to be

V =
1
2

s2
+

1
2g

T̃ 2
d ,

with T̃d = T̂d �Td . Show that the resulting parameter update law is given by

˙̂Td =�g u̇ds,

where g > 0 is a constant adaptation gain.
b) What variables must be measured in order for use of this approach to work?

Explain the pros and cons of implementing this approach in practice (i.e. on a
real marine vessel).

5.2. A station-keeping controller for a lightweight unmanned surface vehicle (USV)
with a low draft and a large windage area is being developed. The vehicle will be
outfitted with an anemometer to measure the apparent wind velocity. The anemome-
ter measurements will be used as an input to a model for estimating the wind forces
acting on the above-surface portions of the USV. The estimated wind drag is fed-
forward as a negative term in the control input to counteract the wind drag. As the
USV is frequently reconfigured between missions, the coefficients in the wind drag
model are highly uncertain.

Here, we’ll focus on only the surge axis of the vehicle. The equation of motion
are given by

ẋ1 = x2,

ẋ2 = �c0x2|x2|� cwua|ua|+ t,

where x1 is the vehicle position along the surge direction, x2 is the speed of the
USV along the surge axis, c0 is a drag coefficient (for the underwater portion of the
hull), cw is a drag coefficient for the wind, ua is the apparent wind velocity along
the longitudinal axis of the vehicle (ua > 0 when the USV is in a headwind) and t is
the control input (the equation for the dynamics has been normalized by the mass of
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the USV). For station-keeping the control objective is to keep the USV at the origin
(x1,x2) = 0.

Use adaptive feedback linearization to design a station-keeping controller for the
USV. Take the control input to be

t =�ks+ ĉ0x2|x2|+ ĉwua|ua|+ ẋr

and define appropriate expressions for the error variable s, xr, and the candidate
Lyapunov function V . What are the resulting update laws for ĉ0 and ĉw.

5.3. Consider the surge speed tracking control of an unmanned surface vehicle. The
equation of motion is

mu̇ =�Cdu|u|+ t,

where m is the vehicle mass, Cd is the drag coefficient and t is the thrust from a pro-
peller. The control objective is for the vehicle to track a time-dependent trajectory
ud(t) when Cd and m are uncertain and possibly slowly varying in time. Using model
reference adaptive control, take the reference model to be the first order equation

u̇m =�um �ud

Td
,

where Td is a time constant. Define the surge-speed velocity tracking error to be
ũ := u�um. Using partial feedback linearization, the control input is taken to be

t = Ĉdu|u|+ m̂u̇m � kpũ,

where Ĉd and m̂ are estimates of Cd and m, respectively.

a) Assuming that we have a perfect model of the vehicle, such that Ĉd = Cd and
m̂ = m, substitute the control input t into the equation of motion to show that the
closed loop system has a stable equilibrium point at ũ = 0.

b) If we no longer have a perfect model of the vehicle, such that Ĉd 6=Cd and m̂ 6=m,
substitute the control input t into the equation of motion to show that the closed
loop system is given by

m ˙̃u =�C̃du|u|� m̃u̇m � kpũ,

where C̃d :=Cd �Ĉd and m̃ := m� m̂ are the estimation errors.
c) Take the combined error variable to be s= ũ and consider the candidate Lyapunov

function
V =

1
2

ms2
+

1
2gm

m̃2
+

1
2gd

C̃2
d .

d) Using the result from part b) above and the definitions of m̃ and C̃d , show that the
time derivative of V̇ can be written as

V̇ =�kpũ2 � m̃


1
gm

˙̂m+ u̇mũ
�
�C̃d


1
gd

˙̂Cd +u|u|ũ
�
.
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e) What are the parameter update laws for ˙̂m and ˙̂Cd that render V̇  0 for all ũ 6= 0.

5.4. Let us revisit Problem 5.3. Create a Simulink model of the model reference
adaptive control system using user defined blocks for the controller, vehicle model
(plant) and update mechanism. The reference model can be constructed from either a
subsystem composed of simple blocks, or a user defined function. Use the parameter
values m= 35 kg, Cd = 0.5, gd = 10, gm = 10, Td = 1 secs and kp= 20. Let the initial
values of the parameter estimates be Ĉd = 0 and m̂ = 0.

a) Take ud = 2 m/s (constant). Show that the controlled system achieves the desired
velocity.

b) Now, let the desired velocity be a ud(t) = 2+0.5cos(2pt/20) m/s. Show that the
controlled system is able to track the desired velocity.

c) Next, let the desired velocity once again be ud = 2 m/s (constant). However, now
assume that a constant disturbance of wd = 50 N is acting on the vehicle and
change the Simulink model accordingly. Show that the output now has a steady
state error. What is its magnitude?

d) We will add integral control to see if the steady state error can be removed. Define
the combined error variable to be

s = ũ+l
Z t

0
ũdt

and let the control input be

t = Ĉdu|u|+ m̂(u̇m �l ũ)� kps.

As before, let the candidate Lyapunov function be

V =
1
2

ms2
+

1
2

gmm̃2
+

1
2

gdC̃2
d .

Show that the time derivative of V̇ can now be written as

V̇ =�kps2 � m̃
⇥
gm ˙̂m+(u̇m �l ũ)s

⇤
�C̃d

h
gd

˙̂Cd +u|u|s
i
.

What are the parameter update laws for ˙̂m and ˙̂Cd that render V̇ < 0 for all ũ 6= 0
(negative definite)?

e) Revise your simulation using the new control law and parameter update rule for
˙̂m. Set l = 2 and leave the values of all the other coefficients the same. Show that
the steady state error is now driven to zero.

5.5. Consider the automatic launch and recovery of an AUV from a USV. After the
AUV is launched, the USV must accurately track a desired trajectory so that it can
rendezvous with the AUV at the correct time and place for recovery. When the AUV
is launched, the mass of the above surface system changes substantially so that the
draft of the USV, and the associated drag and added mass characteristics change.
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Explore the use of adaptive control for the trajectory tracking of a USV performing
an automatic launch. For simplicity, focus on the surge motion of the USV.

The equations of motion are

ẋ = u,

mu̇ = �cou|u|+ t,

where x is the surge position, u is the surge velocity, t is the control input, m is the
uncertain/changing mass, and c0 is the drag coefficient.

The mass of the AUV is 40 kg, the mass of the USV is 150 kg (without AUV)
and the drag coefficient of the USV is c0 = 8.5 kg/m when carrying the AUV, and
c0 = 6.0 kg/m after the AUV has been launched.

A short launch and recovery test sequence is performed in which the system is at
zero speed during both the launch and the recovery. The AUV is launched at time
t = 0 at the position x(0) = 0 and recovered at time t = t f = 300 seconds at the
location x(t f ) = x f = 600 m. The desired trajectory is given by

xd(t) = 3x f

✓
t
t f

◆2
�2x f

✓
t
t f

◆3
.

Define the tracking error to be e = x� xd .

a) Use inverse dynamics feedback linearization to design the control input, by se-
lecting

t = cou|u|+mẍd � k1e� k2ė.

i) Select k1 and k2 to obtain good performance when m corresponds to the
mass of the entire system (USV with AUV) and c0 corresponds to the drag
coefficient when the USV is carrying the AUV.

ii) Create a Simulink simulation and confirm the expected performance of the
system when the USV carries the AUV.

iii) Modify the simulation so that at t = tl = 60 secs the AUV is suddenly
dropped. The parameters c0, m and the control gains in the controller t should
remain fixed, but the mass and drag in the vehicle model should change
step-wise at time tl . How well is the controller able to cope with the sud-
den changes?

b) Use adaptive feedback linearization to design the control input.

i) What are the parameter update laws for ĉ0 and m̂?
ii) Create a new Simulink simulation with the adaptive update law and tune the

control parameters to obtain good performance when the AUV is suddenly
dropped at t = tl = 60 secs. How well does the adaptive controller handle the
sudden changes?

iii) Plot the tracking error and the parameters estimates q̂ to show their conver-
gence.
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Lecture 6

Sliding Mode Control

Abstract The fundamental principles of first and second order sliding mode control
are presented. It is shown that first order sliding mode control is robust to exogenous
disturbances, but involves the use of a discontinuous control signal that may lead to a
chattering effect in which the control input rapidly fluctuates. Chattering is generally
undesirable, as it can damage actuators, but in some cases it is possible to alleviate
it by approximating the discontinuous term with a continuous function. It is shown
that the control input generated when using second order sliding mode control is
smooth, but still robust to exogenous disturbances and model uncertainty.

6.1 Introduction

Consider the dynamic equations of a marine vehicle (Fig. 6.1) in body-fixed coordi-
nates

ḣ = J(h)v,

Mv̇ = �C(v)v�D(v)v�g(h)+ t +wd .

N , xn

E, yn

xb

yb

U

�

 

�

course

N

Fig. 6.1 3 DOF maneuvering coordinate system definitions.
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It should be noted that dynamic models of marine vehicles generally tend to be
fairly uncertain. The drag properties D(v) and actuator capabilities (in generating
t) may change if the vehicle is operated at off-design speeds, or from the wear and
tear that occurs with normal usage. Further, the vehicle may have been designed
to operate in one configuration, but a user may later add or remove components
of the system, significantly changing the inertial properties represented by M and
C(v), as well as the drag term D(v). Lastly, there are often unpredictable exogenous
(externally-generated) disturbances that affect the vehicle’s performance, which are
unknown, but can be bounded. Here, the disturbances and model uncertainty will be
combined and represented in the equations of motion (6.1) as the vector wd .

From (6.1) it can be seen that the dynamics of a marine vehicle tend to be non-
linear. Model uncertainties and exogenous disturbances, tend to strongly affect non-
linear systems, thus it is important to find control approaches that are robust to these
uncertainties. Sliding mode control is an important robust control technique. The
main advantages of sliding mode control include:

1) robustness to uncertain plant model parameters, unmodeled dynamics and ex-
ogenous disturbances,

2) finite-time convergence, and
3) reduced order dynamics.

Several marine vehicle trajectory tracking control designs are based on the use of
sliding mode control (SMC) to provide a fast response and to guarantee that tracking
errors are bounded and robust to unmodeled dynamics and exogenous disturbances.
SMC is generally based upon maintaining a sliding surface constraint through the
use of high frequency switching, which is usually accomplished by injecting a non-
linear discontinuous term into the control input.

The order of a sliding mode controller is categorized according to the relative
degree rs between the sliding surface s = 0 and the injected discontinuous term. For
example, a first order sliding mode controller (standard SMC) has rs = 1, such that
the discontinuous control input explicitly appears in the first total time derivative ṡ.

A potential problem with first order SMC designs is that, while the discontinuous
control input enables the system to reject disturbances and improves robustness to
model uncertainty, it can lead to an undesirable chattering effect, even with the use
of some of the standard chattering mitigation techniques that are presented below.

The use of higher order sliding mode (HOSM) control design techniques, where
(rs � 2), can be used to alleviate the chattering problem. In addition, HOSM tech-
niques can also be used for the design of real-time differentiators (for example, to
take the time derivatives of a measured signal or of a backstepping virtual control
input) and observers (for estimating system states or disturbances) [6, 7, 11]. Higher
order sliding mode controllers have convergence and robustness properties similar
to those of first order sliding mode controllers, but they produce a continuous control
signal (without chatter). Effectively, the approach still uses a non-linear discontin-
uous term, as is done in first order sliding mode techniques, but the relative degree
rs between s and the discontinuous term is increased, so that the control signal is
continuous. HOSM controllers are often used in combination with HOSM differen-
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tiators/observers, as computation of the control input can require knowledge of state
derivatives and disturbances.

Note that since the highest order terms in a sliding mode system are discontin-
uous, modified forms of the nonlinear Lyapunov stability analysis methods can be
applied in some limited cases, i.e. when rs = 2 [9, 8], but more generally the stabil-
ity of such systems must be understood in the sense of Filippov [3]. Such analyses
are beyond the scope of these lecture notes. Here the focus is only the basics, so
the main conditions required for the stability of the given sliding mode systems will
only be stated. Interested readers can refer to the citations provided to more fully
study the stability of sliding mode systems.

6.2 Linear feedback control under the influence of disturbances

Let us start by exploring the effects of uncertainty and external disturbance on a
linear controller.

Example 6.1. Consider depth control of a Lagrangian float. Let the depth be repre-
sented by x1 = z and the vertical descent/ascent rate be x2 = ż. Then the equations
of motion can be written as

ẋ1 = x2,
ẋ2 = t +wd(x1,x2, t),

(6.1)

where t is the control input and wd is a bounded disturbance (e.g. from a current),
with bounds L � |wd |, where L > 0 is a positive constant.

The control objective is to design a feedback control law that drives x1 ! 0 and
x2 ! 0 asymptotically. Achieving asymptotic convergence in the presence of the
unknown disturbance is challenging. For example, consider a linear control law of
the form t =�k1x1 � k2x2. When wd = 0, the closed loop system can be written in
the state space form

ẋ =
d
dt


x1
x2

�
=


0 1

�k1 �k2

�
x1
x2

�
= Ax. (6.2)

The closed loop system is stable when the matrix A is Hurwitz (when the real part
of all eigenvalues of A < 0). The eigenvalues of A can be computed by solving the
equation

det(l1�A) =

����
l �1
k1 l + k2

����= l (l + k2)+ k1 = 0, (6.3)

for l , where 1 is the identity matrix and det(·) is the determinant. Solving (6.3)
gives the two eigenvalues

l1,2 =�k2

2
± 1

2

q
k2

2 �4k1. (6.4)
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In order for both eigenvalues to have negative real parts, we require k2 > 0 and
k1 > k2

2/4. A plot of the solution trajectories of (6.1) with wd = 0 in the state space
of the system is shown in Fig. 6.2a. When wd 6= 0, the solution trajectories are
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Fig. 6.2 Phase portrait of multiple solution trajectories of (6.1) for k1 = 2 and k2 = 1 when a) wd =

0 and b) wd = 0.25sin(1.5t). When wd = 0, the controller asymptotically drives the closed loop
system to the origin of its state space. Instead, when wd 6= 0 the controller drives the states to a
bounded region of convergence (represented approximately by the red circle).

ultimately bounded, that is they do not necessary approach the origin, but instead
converge to a region, or “ball”, of radius d near the origin (Fig. 6.2b).

ut

Here, we will examine the stability of the closed loop systems. Recall that Lya-
punov functions are continuously differentiable, non-negative energy-like functions
that always decrease along the solution trajectories of the system. We start by iden-
tifying a candidate Lyapunov function (CLF) V (x1,x2), where

(a) V is a radially unbounded function of the state variables, i.e.

lim
|x1|,|x2|!•

V (x1,x2)! •, (6.5)

and
(b) the time derivative of V is negative definite,

V̇ < 0,8x1,x2 6= 0. (6.6)

Example 6.2. Let explore the closed loop stability of (6.1) with linear control input
t =�k1x1 � k2x2 using the CLF

V =
1
2

x2
1 +

1
2

x2
2. (6.7)

From (6.7), it can be seen that this function is radially unbounded, i.e. that

lim
|x1|,|x2|!•

V ! •.
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Taking the time derivative of (6.7), we will see that control gains can be selected
so that V̇ < 0,8x1,x2 6= 0. First, we see that

V̇ = x1ẋ1 + x2ẋ2,

= x1x2 � x2(�k1x1 � k2x2 +wd),

= (1� k1)x1x2 � k2x2
2 + x2wd .

(6.8)

This can be further simplified as

V̇  (1� k1)


1
2

x2
1 +

1
2

x2
2

�
� k2x2

2 +


1
2

x2
2 +

1
2

w2
d

�
,

 � (k1 �1)
2

x2
1 �

(k1 �1)+2k2 �1

2

�
x2

2 +
1
2

w2
d ,

(6.9)

by using Young’s Inequality.
Let

µ1 :=
(k1 �1)

2
and µ2 :=


(k1 �1)+2k2 �1

2

�
(6.10)

where we take µ1 > 0 and µ2 > 0 to ensure stability. Then define

µ := min{µ1,µ2} (6.11)

and
Cd := sup

{x1,x2,t}

����
1
2

w2
d

���� . (6.12)

With these definitions, (6.9) becomes

V̇ �µ1x2
1 �µ2x2

2 +Cd . (6.13)

It can be shown that V̇ is upper-bounded by �2µV +Cd when µ is either µ1 or µ2.
For example, let µ = µ1. Then (6.13) becomes

V̇ �µ1

✓
x2

1 +
µ2

µ1
x2

2

◆
+Cd =�µ

✓
x2

1 +
µ2

µ
x2

2

◆
+Cd . (6.14)

Using the definition of V in (6.7), and noting that µ2/µ > 1, gives

µ
✓

x2
1 +

µ2

µ
x2

2

◆
> µ

�
x2

1 + x2
2
�
= 2µV. (6.15)

Therefore,

�µ
✓

x2
1 +

µ2

µ
x2

2

◆
+Cd <�2µV +Cd , (6.16)

so that
V̇ �2µV +Cd . (6.17)
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The same can be shown to be true when µ = µ2 = min{µ1,µ2}.
Equation (6.17) can be integrated to show that

V 
✓

V0 �
Cd

2µ

◆
e�2µt

+
Cd

2µ
, (6.18)

where V0 is the value of V at time t = 0. The stability of this system can be classified
as uniformly globally practically exponentially stable (USPES), see [13].

ut

6.3 First Order Sliding Mode Control

We have seen that when exogenous disturbances and uncertainties are present, the
closed loop trajectories of the system do not reach a specific equilibrium point, but
instead asymptotically approach a finite region (ball) in the state space. Let’s see if
we can reverse engineer the desired closed loop dynamics of our system (6.1) in
order to drive it to a desired equilibrium point when wd 6= 0, instead.

When no disturbances are present, a stable linear controller for the state x1 would
have the form

ẋ1 =�lx1, l > 0. (6.19)

Since, x2 := ẋ1, the general solution of (6.19) is

x1(t) = x1(0)e�l t ,

x2(t) = ẋ1(t) =�lx1(0)e�l t ,
(6.20)

where both x1(t) and x2(t) exponentially converge to zero. Ideally, nonzero distur-
bances wd(x1,x2, t) 6= 0 will not affect our desired solution.

To design a controller that can achieve this desired solution we can introduce a
new variable s in the state space of the system as

s = x2 +lx1, l > 0. (6.21)

We seek a control input t that can drive s to zero in finite time. To find this control,
we take the time derivative of (6.21), and use (6.1) to introduce the control input
from the dynamics of the closed loop system into the resulting equation

ṡ = ẋ2 +l ẋ1 = t +wd(x1,x2, t)+lx2. (6.22)

This expression can then be used to identify a suitable (CLF) to stabilize the closed
loop system. Let

V =
1
2

s2. (6.23)
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In order to ensure that the closed loop system converges to its equilibrium point in
finite time, we also require the CLF to also (simultaneously) satisfy the inequality

V̇ �aV 1/2, a > 0. (6.24)

The inequality can be solved using separation of variables, so that
Z V

V0

dV
V 1/2  �

Z t

0
adt,

2
h
V 1/2 �V 1/2

0

i
 �at,

V 1/2  �at
2

+V 1/2
0 ,

(6.25)

where, as above, V0 is the value of V at time t = 0. The Lyapunov function V =

V (x1(t),x2(t)) becomes zero in the finite time tr, which is bounded by

tr 
2V 1/2

0
a

. (6.26)

Differentiating (6.23) we can find a control input t so that V̇  0,

V̇ = sṡ = s [lx2 +wd(x1,x2, t)+ t] (6.27)

by taking t =�lx2 +n to get

V̇ = s [n +wd(x1,x2, t)] = sn + swd(x1,x2, t) |s|L+ sn . (6.28)

Let n =�rsgn(s),r > 0, where

sgn(s) :=
⇢
+1, s > 0,
�1, s < 0. (6.29)

Note that strictly speaking one can take

sgn(0) 2 [�1,1], (6.30)

(see [11]). However, it is common in engineering practice to use sgn(0) = 0, as
in [4].

Then, noting that sgn(s)s = |s|, (6.28) can be rewritten as

V̇  L|s|�rsgn(s)s = (L�r)|s|, (6.31)

where L is an upper bound for the magnitude of the disturbance. Using (6.23)
and (6.24), V̇ can also be written as

V̇ � ap
2
|s|. (6.32)
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Fig. 6.3 A plot of the function �sgn(s).

Matching the right hand sides of inequalities (6.31) and (6.32) gives

(L�r) =� ap
2
, (6.33)

so that the control gain can be selected as

r = L+
ap

2
, (6.34)

where the first component L compensates for the bounded disturbance and the sec-
ond component determines the sliding surface reaching time tr, which increases as
a increases. The resulting control law is

t =�lx2 �rsgn(s). (6.35)

Remark 6.1. The surface s = 0 (which is the straight line x2 + lx1 = 0 in two di-
mensions) is called a sliding surface. Equation (6.24), which is equivalent to

sṡ � ap
2
|s|, (6.36)

is called a reaching condition. When the reaching condition is met, the solution
trajectory of the closed loop system is driven towards the sliding surface and remains
on it for all subsequent times.

Definition 6.1 (sliding mode controller). A control law that drives the state vari-
ables to the sliding surface in finite time tr and keeps them on the surface thereafter
in the presence of a bounded disturbance is called a sliding mode controller. An
ideal sliding mode is taking place when t > tr.
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Example 6.3. Let us revisit control of the Lagrangian float discussed in Example 6.1.
Consider the response of system (6.1) when the control input is instead taken to be
t =�lx2�rsgn(s) with l = 1.5, r = 2 and wd(x1,x2, t)= 0.25sin(1.5t) and initial
conditions x1(0) = 0, x2(0) = 2. From equation (6.23) it can be seen that

V0 =
1
2
[x2(0)+lx1(0)]2 = 2. (6.37)

If we take L = 0.25, then from (6.33) we have

a =

p
2(r �L) = 2.475. (6.38)

From (6.26), we see that the estimated reaching time is

tr 
2V 1/2

0
a

=
2
p

2
2.475

= 1.143 secs. (6.39)

The time responses of x1, x2 and s are plotted in Fig. 6.4a. It can be seen that for
times between t = 0 and slightly earlier than t = tr, the sliding surface s 6= 0, so that
the closed loop system is in its reaching phase. At just before t = tr the value of x2
changes discontinuously as s ! 0 and the system enters the sliding phase. It can be
seen that both x1 and x2 are driven to zero. The corresponding phase portrait of the
system is shown in Fig. 6.4b. By comparing Figs. 6.4a & b it can be seen that the
curved branch of the trajectory in the phase plane corresponds to the reaching phase
and the straight line portion (which moves along the line x2 =�1.5x1) corresponds
to the sliding phase. The solution trajectory of the closed loop system reaches the
desired equilibrium point (x1,x2) = (0,0), despite the nonzero disturbance acting
upon it.
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Fig. 6.4 a) Time response and b) phase portrait of the system in (6.1) when the control input is
taken to be t = �lx2 �rsgn(s) with l = 1.5, r = 2 and wd(x1,x2, t) = 0.25sin(1.5t) and initial
conditions x1(0) = 0, x2(0) = 2.

For comparison purposes, the phase portrait is shown in Fig. 6.5 for the same
initial conditions used in Figs. 6.2a–b.
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Fig. 6.5 Phase portrait of the sliding mode controller with l = 1.5 and r = 2 and disturbance
wd = 0.25sin(1.5t).

Thus far, the sliding mode control approach seems fantastic. However, there is
a catch. In numerical and practical implementations of the control law (6.35) the
sgn(s) term rapidly switches between sgn(s) =+1 and sgn(s) =�1 as the controller
approaches the sliding mode phase, i.e. as s ! 0. Owing to the finite size of the time
step in numerical simulations and to time delays or other imperfections in switching
devices found in real implementations, the sign of s will continue to switch between
positive and negative values after the reaching phase, so that the solution trajectory
of the system zig-zags across the sliding surface, rather than truly sliding along it, in
a condition known as chattering (Fig. 6.6a). This is can also be seen in the control
input signal, which will also tend to rapidly oscillate in amplitude (Fig. 6.6b). In an
ideal sliding mode, the frequency of the zig-zag motion would approach infinity and
its amplitude would approach zero. However, in practical implementations this high
frequency switching is undesirable, as it can result in low control accuracy, high
heat losses in electrical circuits and the rapid wear of moving mechanical parts.

ut

6.4 Chattering Mitigation

The chattering problem discussed in the previous section can be overcome by re-
placing the sgn(s) function in (6.35) with a continuous approximation f (s). In prin-
ciple, the approximate function could be any function that is continuous, sigmoidal
lims!±• f (s)!±1, odd f (�s) =� f (s), zero at zero f (0) = 0 and strictly increas-
ing. In practice, it is common to use a saturation function [12]
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Fig. 6.6 a) Zig-zag motion of the solution trajectory across the sliding surface s = 0 exhibited
during chattering. b) Chattering of the control input when using the sliding mode controller with
l = 1.5 and r = 2 and disturbance wd = 0.25sin(1.5t). The inset for times 1.085  t  1.090
illustrates how the control signal rapidly switches in amplitude during chattering.

f (s) = sat
⇣ s

F

⌘
:=

8
><

>:

s
F
,

���
s
F

���< 1,

sgn
⇣ s

F

⌘
,
���

s
F

���� 1,
(6.40)

a hyperbolic tangent function [4]

f (s) = tanh
⇣ s

F

⌘
, (6.41)

or a simple sigmoidal function [11], such as

f (s) =

s
F

|s|
F

+1
, (6.42)

where F > 0 is a parameter that stretches the region along the s direction around
the origin s = 0 (Fig. 6.7).

In the case of the saturation function (Fig. 6.8), it can be shown that the stretched
region |s|< F functions like a boundary layer [12]. From (6.32) it can be seen that
V̇ < 0 for s 6= 0 (negative definite) so that the boundary layer region is attractive. At
the edges of the boundary layer, |s|=F so that VBL =F2/2. Thus, modifying (6.25)
as Z VBL

V0

dV
V 1/2 �

Z tBL

0
adt ) 2

h
V 1/2

BL �V 1/2
0

i
�atBL,

it can be shown that the boundary layer is reached in the finite time tBL,

tBL 
p

2(s0 �F)

a
,

where, from (6.23), s0 =
p

2V0.
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Fig. 6.7 Examples of continuous functions suitable for approximating the �sgn(s) function
in (6.35) with F = 1 and F = 0.4: a) the hyperbolic tangent function (6.41), and b) the sigmoidal
function (6.42). It can be seen that as F decreases the output of each function is “squeezed” about
s = 0.
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Fig. 6.8 Use of the saturation function (6.40) for approximating the �sgn(s) function in (6.35).
The region from �F  0  F is the boundary layer.

Once inside the boundary layer, the solution trajectories will remain within the
region B = {x : |s(x, t)|  F} for all future times. However, within the boundary
layer it is no longer guaranteed that s ! 0 for nonzero disturbances. Instead, the
system will reach some bounded region around s = 0, the size of which depends
upon F and l (see [12]). Although s and the state variables no longer converge to
the origin, the performance of the system can be very close to that of a true sliding
mode controller.

Example 6.4. Returning to the control of the Lagrangian float discussed in Exam-
ples 6.1–6.3 above, we now implement the continuous saturation function (6.40) in
the control law as t = �lx2 � rsat(s/F), where F = 0.05, l = 1.5, r = 2 and
wd(x1,x2, t) = 0.25sin(1.5t) and initial conditions x1(0) = 0, x2(0) = 2, as before.
Comparing Fig. 6.9a and Fig. 6.4a, it can be seen that the time response of the sys-
tem is almost the same. However, while the control input resulting from use of the
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discontinuous function exihibits substantial chattering (Fig. 6.6b), the control input
obtained with the saturation function is smooth (Fig. 6.9b).
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Fig. 6.9 The a) time response and b) control input of system (6.1) when t = �lx2 �rsat(s/F),
where F = 0.05, l = 1.5, r = 2 and wd(x1,x2, t) = 0.25sin(1.5t) and initial conditions x1(0) = 0,
x2(0) = 2.

ut

6.5 Equivalent Control

It is shown above that for times t � tr the trajectory of the closed loop system is
on the sliding surface where s = x2 + lx1 = 0. Once on the sliding surface, the
trajectory remains there because of the sliding mode controller, so that s = ṡ = 0.
Let us examine the condition ṡ = 0 more closely. From (6.27), we see that

ṡ = lx2 +wd(x1,x2, t)+ t = 0, s(t � tr) = 0 (6.43)

would be satisfied by a an equivalent control input of the form

teq =�lx2 �wd(x1,x2, t). (6.44)

This suggests that the control law, which needs to be applied to ensure that the
system remains on the sliding surface after reaching would be given by teq. How-
ever, it would not be possible to implement this control law in practice, as the term
wd(x1,x2, t) represents exogenous disturbances and model uncertainty, which we do
not know. Given that the sliding mode control law (6.35) developed in Section 6.3
above is capable of keeping the closed loop system on the sliding surface after the
reaching time, one can argue that we have identified a control law that acts like the
desired teq. Thus, the average effect of the high frequency switching in our sliding
mode control law is teq. We can approximate teq by using a low pass filtered version
of our sliding mode control law, which averages the effects of the high frequency
switching caused by the sgn(s) term as
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t̂eq =�lx2 �rLPF [sgn(s)] , t � tr. (6.45)

The low pass filter can be implemented as a first order differential equation of the
form

T ż = �z+ sgn(s)

t̂eq = �lx2 �rz,
(6.46)

where T 2 [0,1) is a filter time constant (which should be as small as possible,
but larger than the sampling time of the computer). Comparing (6.44) and (6.45),
it can be seen that the term LPF [sgn(s)] in (6.45) acts like a disturbance observer,
which can be used to provide an estimate of the combined effects of exogenous
disturbances and model uncertainty.

6.6 Summary of First Order Sliding Mode Control

Based on our results thus far, we can state the following observations:

1) First Order sliding mode control design consists of two main tasks:

a) Design of a first order sliding surface s = 0.
b) Design of the control t , which drives the sliding variable s in (6.21) to zero

use the sliding variable dynamics in (6.22).

2) Application of the sliding mode control law (6.35) in (6.1) yields the closed loop
system dynamics

ẋ1 = x2,

ẋ2 = �lx2 �rsgn(s)+wd(x1,x2, t).
(6.47)

When the system is in sliding mode (t � tr), the closed loop system is driven by
its equivalent dynamics (6.44) so that (6.47) becomes

ẋ1 = x2,

ẋ2 = �lx2 �wd(x1,x2, t)| {z }
teq

+wd(x1,x2, t) =�lx2 =�l ẋ1, (6.48)

which implies that
ẋ1 = x2,

x2 = �lx1.

Thus, once the sliding mode condition is reached, the dynamics of the system
are first order (6.48), whereas the original system (6.1) is second order. This
reduction of order is known as a partial dynamical collapse.
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3) In the sliding mode the closed loop sytem dynamics do not depend on the dis-
turbance term wd(x1,x2, t). However, the upper limit of wd must be taken into
account when selecting the controller gain.

4) In practical implementations, it may be necessary to use a continuous approxima-
tion of the discontinuous function sgn(s) in the control law to avoid chattering.

6.7 Stabilization vs. Tracking

The problem of designing a control input that drives the closed loop system to an
equilibrium point is known as a stabilization problem. However, many important
marine vehicle control applications require one to design a control law that tracks a
desired trajectory yd , i.e. to design a control input which solves a tracking problem.

Let the output of the system be y. To ensure the system is stable, it is important to
identify its relative degree. This can be thought of as the number of times r the output
must be differentiated before the control input explicitly appears in the input–output
relation. For example, if we take y = x1 for system (6.1),

ẋ1 = x2,

ẋ2 = t +wd(x1,x2, t),
(6.49)

it can be seen that ÿ = ẍ1 = ẋ2 = t +wd(x1,x2, t). Thus, the relative degree of sys-
tem (6.1) is r = 2. When the order of the system is the same as its relative degree,
it does not have any (hidden) internal dynamics (e.g. dynamics which cannot be
directly controlled using the control input t). When the relative degree of the sys-
tem is less than its order, additional analysis is necessary to ensure that the internal
dynamics of the system are stable.

Recent work that utilizes one or more first order sliding mode control terms for
the trajectory tracking control of marine systems includes [1], [15], [2], [14], [5] and
[10]. An example of the use of first order sliding mode control for station keeping is
provided in the following example.

6.8 SISO Super–Twisting Sliding Mode Control

Once again, consider the system (6.49), where the output is taken to be y = x1. Here,
we will modify our definition of the sliding variable in (6.21) to solve an output
tracking problem. Let x̃1 := (y� yd) = (x1 � yd) and

s := ˙̃x1 +l x̃1 = x̃2 +l x̃1, l > 0. (6.50)

We seek a control input that drives s to s = 0 in finite time and keeps it there, such
that ṡ = 0. Taking the time derivative of (6.50) gives
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ṡ = ¨̃x1 +l ˙̃x1,

= ÿ� ÿd +l ẏ�l ẏd ,

= ẋ2 � ÿd +lx2 �l ẏd ,

(6.51)

Using (6.49), this can be reduced to

ṡ =�ÿd �l ẏd +lx2 +wd(x1,x2, t)| {z }
g(x1,x2,t)

+t = 0, (6.52)

where g(x1,x2, t) is a cumulative disturbance term, which is upper-bounded by a
positive constant M, e.g. |g(x1,x2, t)| M.

When g(x1,x2, t) = 0 using the control input

t =�l |s|1/2sgn(s), l > 0 (6.53)

in (6.51) makes compensated dynamics in the sliding mode become

ṡ =�l |s|1/2sgn(s), s(0) = s0. (6.54)

This can be integrated to get

|s|1/2 � |s0|1/2
=�l

2
t. (6.55)

Taking s = 0, we find that the corresponding reaching time would be given by

tr �
2
l
|s0|1/2. (6.56)

Unfortunately, when g(x1,x2, t) 6= 0, these relations no longer hold. Therefore, we
ask if it might be possible to add another term to the controller to cancel the effects
of cumulative disturbance.

Assuming that the time derivative of the cumulative error can be upper bounded,
i.e. ġ(x1,x2, t)C, a modified form of the controller above,

t = �l |s|1/2sgn(s)+ z, l = 1.5
p

C

ż = �bsgn(s), b = 1.1C
(6.57)

makes the compensated s-dynamics become

ṡ = g(x1,x2, t)�l |s|1/2sgn(s)+ z,

ż = �bsgn(s).
(6.58)

The term z acts like an equivalent control term, which produces a low pass filtered
estimate of the cumulative disturbance. When it starts following the disturbance
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term, the sliding variable dynamics correspond to (6.53) so that the remaining term
l |s|1/2sgn(s) in the control law can drive s to zero in finite time.

Based on these results, we make the following observations about super-twisting
sliding mode control

1) From (6.52), it can be seen that, using the definition of s in (6.50), the relative
degree between s and t is 1, but the relative degree between s and the discon-
tinuous injected term bsgn(s) is rs = 2. Thus, the super twisting control input t
is continuous because both l |s|1/2sgn(s) and z = �

R
bsgn(s)dt are continuous.

The high frequency switching in the sgn(s) term is smoothed by the integral.
2) Use of the term z and the augmented system ż = �bsgn(s) are mandatory (very

important) for ensuring continuity of the control function while simultaneously
canceling the effects of the (unknown) cumulative disturbance.

3) Once the cumulative disturbance is canceled, the super-twisting controller uses a
nonlinear sliding manifold given by ṡ =�l |s|1/2sgn(s) to drive both drive both
ṡ and s to zero in finite time. This is different from the conventional sliding mode
controller presented in Section 6.3, which uses a linear sliding surface that can
only drive s to zero in finite time.

-2 -1 0 1 2
-2

-1

0

1

2

Fig. 6.10 The super-twisting sliding surface given by ṡ =�1.5|s|1/2sgn(s).

4) If we define our state variables to be the output tracking errors x̃1 and x̃2 := ˙̃x1,
we can rewrite the sliding variable (6.50) in the form s = x̃2 +l x̃1. The fact that
ṡ is driven to zero in finite time, implies that s ! 0 in finite time, so that when
the system is in sliding mode, its compensated dynamics are

x̃2 = �l x̃1

ṡ = 0.
(6.59)

Therefore, we have complete dynamical collapse in the sliding mode — the sec-
ond order uncompensated dynamics of the original system in (6.1) are reduced
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to the algebraic equations x̃2 = x̃1 = 0 in finite time. From a control engineer-
ing standpoint, this is an important result, as it guarantees that any inner loop
dynamics or parasitic dynamics can be eliminated by the control input.
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Problems

6.1. Consider the pitch stabilization of an AUV in the presence of exogenous distur-
bances and unmodeled dynamics. The equations of motion can be written as

q̇ = q,

q̇ = c0 sin(2q)+ t +wd(q ,q, t),

where t is the control input and wd(q ,q, t) represents the effects of unknown exoge-
nous disturbances and unmodeled vehicle dynamics. The magnitude of wd(q ,q, t)
is upper bounded by a known constant L.

a) First using either inverse dynamics or backstepping to obtain a linearized system,
design a first order sliding mode controller to stabilize the pitch angle to q = 0
in finite time when wd = 0.25sin(2pt/10)+2(q/p)2. Provide an estimate for L.
Take the initial condition to be [q0 q0]

T
= [p/4 0]T , give an estimate for the

reaching time tr.
b) Create a simulation in Matlab/Simulink and plot the time response of the system

(i.e. q and q versus time) for the conditions given in part a) above. Also plot the
control input t versus time. Is chattering present?

c) Use the nonlinear function tanh(s/F), where F > 1, as an approximation for the
sgn function in the control law you designed in part a). Let F = 10. Is chattering
eliminated? Try one or two other values of F — how is the performance of the
closed loop system affected?

6.2. Repeat parts a) and b) of Problem 1 above using a super-twisting controller.
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Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Adaptive Control

• Sliding Mode Control
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Background

Marine vehicle dynamics:

⌘̇ = R( )v ,

Mv̇ = �C (v)v � D(v)v + ⌧ + d ,

Control Challenges:

a) M , C , D and ⌧ uncertain.

b) d unknown/time-varying (but bounded).

c) Nonlinear ! exacerbates points a & b

N , xn

E, yn

xb

yb

U

�

 

�

course

N

Maneuvering coordinates.
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Background

Robust Control:

• Adaptive Control: control parameters adjust online to accommodate uncertainties.

• Disturbance Observer Based Control: include estimate d̂ in control signal to

cancel real d .
• Sliding mode control techniques.

Advantages of adaptive control include:

• can be used to achieve good performance under varying operational conditions;

• well-suited for systems with constant or slowly varying parameters (the usual case

in practice).
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Background

Basic Ideas:

• Adaptive controller has two loops, an inner feedback loop consisting of the vehicle

and controller, and an outer loop which adjusts the control parameters.

• Uncertain parameters are estimated on-line using available state measurements.

• Estimated parameters are used in the control law.

• Time-varying plant parameters vary considerably slower than the parameter

adaptation ! so they are treated as constants in controller design.
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Model Reference Adaptive Control (MRAC)

Control system composed of four blocks:

a) the marine vehicle,

b) a reference model, which specifies the

desired output of the system,

c) a feedback control law containing the

adjustable parameters, and

d) an adaptation law, which updates the

adjustable parameters in the

controller.

+r
Â

�

Reference

Model

t y e

Adaptation

Law

q̂

ym

Marine

Vehicle

Outer Loop

Controller

Inner Loop

A model reference adaptive control system.

Structure of dynamic equations governing the vehicle assumed to be known, but exact

values of parameters may be uncertain (e.g. inertial and drag terms).
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Model Reference Adaptive Control (MRAC)

In more detail:

• Reference model specifies ideal response of system to a reference command.

• Selection of reference model part of control design.

• Two requirements:

a) it should have desired performance characteristics to perform the given control task,
e.g. rise time, settling time, overshoot, etc.

b) ideal reference behavior should be achievable for the adaptive control system, i.e.,
correct order and relative degree for the assumed structure of plant model.

• When multiple parameters adpatively updated, may be more than one

combination of parameters that achieve desired performance ! the estimates

might not approach the true physical values. OK, as long as plant output

identical to that of the reference model.

• Normally, we require control law to be linear in terms of adjustable parameters to

guarantee stability and tracking convergence.
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Model Reference Adaptive Control (MRAC): Example

Consider vertical position tracking of an unmanned aerial vehicle (UAV). Mass of the

vehicle is m, the vertical force input from the propellers is ⌧ and g is gravity. Dynamics

of UAV in vertical direction are

mz̈ = mg + ⌧.

UAV carries a small load, such as a camera, with an unknown weight. Control

objective is to track desired time-dependent height zd(t).

An unmanned aerial vehicle configured to carry a camera.
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Model Reference Adaptive Control (MRAC): Example

Suppose we want UAV to have response of ideal linear second order system

z̈m + 2⇣!nżm + !2
nzm = !2

nzd(t),

where zm is position of the reference model. Damping ratio ⇣ and natural frequency !n

selected to satisfy desired performance characteristics, such as maximum overshoot

Mp = e�⇡⇣/
p

1�⇣2 , 0 < ⇣  1

and 2% settling time

ts =
4.0

⇣!n
.
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Model Reference Adaptive Control (MRAC): Example

First, assume mass of UAV and load are precisely known. Let

⌧ = m
�
�g + z̈m � 2� ˙̃z � �2z̃

�
, where z̃ := z(t)� zm(t) is tracking error and � > 0 is

constant control gain, gives the closed loop error dynamics

˙̃z1 = z̃2

˙̃z2 = �2�z̃2 � �2z̃1,

where z̃1 := z̃ and z̃2 := ˙̃z .
System is exponentially stable with equilibrium point at z̃2 = z̃1 = 0 (perfect tracking).
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Model Reference Adaptive Control (MRAC): Example

Now assume mass not precisely known, but we have an estimate m̂, which we use in

control law ⌧ = m̂
�
�g + z̈m � 2� ˙̃z � �2z̃

�
. Then, we have

mz̈ = m̃g � m̂
�
�z̈m + 2�z̃2 + �2z̃1

�
,

where m̃ := m � m̂. Following the approach in ?, we define a new “combined error

variable” variable

s := z̃2 + �z̃1.
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Model Reference Adaptive Control (MRAC): Example

If we compute ṡ + �s and simplify, the closed loop tracking errors are

m (ṡ + �s) = m
�
˙̃z2 + 2�z̃2 + �2z̃1

�
,

= mz̈ +m
�
�z̈m + 2�z̃2 + �2z̃1

�
,

= m̃g � m̂
�
�z̈m + 2�z̃2 + �2z̃1

�
+m

�
�z̈m + 2�z̃2 + �2z̃1

�
,

= m̃
�
�z̈m + 2�z̃2 + �2z̃1 + g

�
,

= m̃⌫.
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Model Reference Adaptive Control (MRAC): Example

Consider the candidate Lyapunov function

V =
1

2
ms2 +

1

2�
m̃2,

where � > 0 is an adaption gain. Taking the derivative of this along trajectories of

closed loop system gives

V̇ = smṡ +
1

�
m̃ ˙̃m = smṡ � 1

�
m̃ ˙̂m,

where we assumed ˙̃m ⇡ � ˙̂m because the uncertain mass is constant or very slowly

varying in time (compared to its estimate, which can be updated much more rapidly).

Simplifying gives

V̇ = s [�m�s + m̃⌫]� 1

�
m̃ ˙̂m,

= �m�s2 + m̃


s⌫ � 1

�
˙̂m

�
.
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Model Reference Adaptive Control (MRAC): Example

We can ensure V̇ < 0, 8s 6= 0 by selecting the update law

˙̂m = �s⌫ = �s
�
�z̈m + 2�z̃2 + �2z̃1 + g

�

Using Barbalat’s Lemma, one can show that s converges to zero. Thus, both the

position tracking error z̃1 and the velocity tracking error z̃2 converge to zero.
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Model Reference Adaptive Control (MRAC): Example

Let UAV mass be m = 15 kg and payload mass be mp = 1.5 kg.

Control law has no knowledge of payload mass. Use 2
nd

order reference model with

peak overshoot Mp  0.05 and and settling time ts  1.8 secs ) ⇣ = 1/
p
2 and

!n = ⇡. Assume UAV only generates thrust downward and max thrust is twice UAV

weight. Update gain is � = 1 and control gain is � = 10.

0 10 20 30 40 50

-7.5

-5

-2.5

0

2.5

Desired position zd(t) of the UAV.
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Model Reference Adaptive Control (MRAC): Example

a)
0 10 20 30 40 50
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a) Vertical position error of the UAV, and 2) mass estimate m̂ from the adaptive controller

versus actual mass m. The initial estimate of the total mass at t = 0 is taken to be m̂ = 15 kg.

The solid blue lines correspond to the adaptive controller and the dashed red line corresponds

to the corresponding non adaptive controller.
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Adaptive SISO Control via Feedback Linearization

Adaptive control via feedback linearization for single-input single-output systems, with

multiple uncertain parameters.

Consider an nth order nonlinear system in the form

mx (n) +
nX

i=1

✓i fi (x , t) = ⌧,

where x = [x ẋ · · · x (n�1)
]
T

is the state vector,

x (n) =
dnx

dtn
, 8n,

the fi (x , t) are known nonlinear functions, and parameters ✓i and m are uncertain

constants. Take output of system to be y(t) = x(t). Assume full state vector x
measured.

Control objective: make output asymptotically track yd(t), despite uncertain

knowledge of plant parameters.
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Adaptive SISO Control via Feedback Linearization

Define combined error variable s

s := e(n�1)
+ �n�2e

(n�2)
+ · · ·+ �0e,

where e := (y � yd) = (x � xd) is output tracking error and �i > 0 for all

i 2 {0, . . . , (n � 2)}. Let x (n�1)
r := x (n�1)

d � �n�2e(n�1) � · · ·� �0e so that s can be

rewritten as

s := x (n�1) � x (n�1)
r .

Take the control law to be

⌧ = mx (n)r � ks +
nX

i=1

✓i fi (x , t),

where k is a constant of the same sign as m and x (n)r is derivative of x (n�1)
r so that

x (n)r := x (n)d � �n�2e
(n�1) � · · ·� �0ė.
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Adaptive SISO Control via Feedback Linearization

If the parameters were all well-known, tracking error dynamics would be

mṡ = �ks,

which would give exponential convergence of s, and thus exponential convergence of e.
But model parameters are not known, so control law is

⌧ = m̂x (n)r � ks +
nX

i=1

✓̂i fi (x , t),

where m̂ and ✓̂i are estimated values of m and ✓i , respectively.
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Adaptive SISO Control via Feedback Linearization

Then, closed loop tracking error is

mṡ = �ks + m̃x (n)r +

nX

i=1

✓̃i fi (x , t),

where m̃ := m̂ �m and ✓̃i := ✓̂i � ✓i are parameter estimation errors.

Consider candidate Lyapunov function

V = |m|s2 + ��1

"
m̃2

+

nX

i=1

✓̃2i

#
.

Its time derivative is

V̇ = 2|m|sṡ + 2��1

"
m̃ ˙̂m +

nX

i=1

✓̃i
˙̂✓i

#
.
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Adaptive SISO Control via Feedback Linearization

Using mṡ = |m|sgn(m)ṡ, V̇ can be rewritten as

V̇ = �2sgn(m)ks2 + 2m̃
h
sgn(m)sx (n)r + ��1 ˙̂m

i

+ 2

nX

i=1

✓̃i
h
sgn(m)sfi (x , t) + ��1 ˙̂✓i

i
.

With the assumption above that m and k have the same sign, V̇ can be reduced to

V̇ = �2|k |s2,

which is negative definite for every s 6= 0, by selecting the parameter update laws to be

˙̂m = �� sgn(m)sx (n)r ,

˙̂✓i = �� sgn(m)sfi (x , t).
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Adaptive SISO Control via Feedback Linearization

Using Barbalat’s Lemma one can show that system is globally asymptotically stable, so

that the tracking errors converge to zero. It can also be shown that global tracking

convergence is preserved if a di↵erent adaptation gain �i is used for each unknown

parameter ?, i.e.

˙̂m = ��0 sgn(m)sx (n)r ,

˙̂✓i = ��i sgn(m)sfi (x , t).
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Adaptive SISO Control via Feedback Linearization: Example

Consider rolling motion of an unmanned

surface vehicle about its surge axis

m�̈+ cd |�̇|�̇+ ks� = ⌧,

where m is mass moment of inertia

(including added mass) about roll axis, c is

damping coe�cient and ks is spring

constant related to buoyancy-induced

righting moment.

Assume m, cd and ks are unknown and use

adaptive control to stabilize USV in waves

at � = 0.

Moving
Mass

Use of a moving mass system to stabilize the

roll axis of a USV in waves.
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Adaptive SISO Control via Feedback Linearization: Example

Based on form of dynamics, ✓1 = cd , ✓2 = ks , f1 = |�̇|�̇ and f2 = �.

System is 2
nd

order so n = 2. Taking x = � and �d = �̇d = �̈d = 0, we get e = �,
ẍr = ��0�̇ and s = �̇+ �0�.

Thus, the control law is

⌧ = m̂ẍr � ks + ✓̂1|�̇|�̇+ ✓̂2�.

The parameters estimates are found using the update laws

˙̂m = ��0 sẍr ,
˙̂✓1 = ��1 s|�̇|�̇,
˙̂✓2 = ��2 s�.
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Adaptive SISO Control via Feedback Linearization: Example

Take m = 100 kg-m
2
, cd = 8.4 kg-m

2
and ks = 17.5 N-m. Control gains used are

�0 = 2, �0 = 10, �1 = 10, �2 = 1, and k = 5.

a)
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a) Controlled and uncontrolled roll responses. b) Parameter estimates for adaptive and non

adaptive controllers.
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Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Adaptive Control

• Sliding Mode Control
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Feedback Linearization by Dynamic Inversion

Basic Ideas:

• Transform nonlinear dynamics of a vehicle into a linear system upon which

conventional linear control techniques can be applied.

• Linear controller designed for transformed model and control input from linear

controller transformed back into a nonlinear signal before being passed to the

actuators/plant.

• Thus, knowledge of system nonlinearities are built into controller via an exact

state transformation and feedback.

• Note: Very di↵erent from linearizing nonlinear system about an operating point,

and designing a controller for linearized system.

• For marine vehicles, inverse dynamics can be separated into velocity control in the

body-fixed frame and position and attitude (pose) control in the NED

frame Fossen [2011].
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Feedback Linearization by Dynamic Inversion: Body-fixed Frame

Consider the kinetic equation of motion for a marine vehicle,

Mv̇ + C (v)v + D(v)v + g(⌘) = ⌧ .

A control input

⌧ = f (⌘, v , t)

that linearizes the closed loop system is sought. By inspection, it can be seen that if a

control input of the form

⌧ = Mab + C (v)v + D(v)v + g(⌘)

can be found, the equation of motion reduces to

v̇ = ab,

where ab is the commanded acceleration of the vehicle in the body-fixed frame.

The new system linear and if ab designed so each of its components is decoupled from

the others, the closed loop system is also decoupled.
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Feedback Linearization by Dynamic Inversion: Body-fixed Frame

Simple approach: to design linear proportional integral derivative controller law of form

ab = v̇d � Kp ṽ � K i

Z t

0
ṽ(⌧)d⌧ � Kd

˙̃v ,

where vd = vd(t) is the desired velocity, ṽ := v � vd is the velocity error, and

Kp > 0, K i > 0 and Kd > 0 are diagonal proportional, integral and derivative gain

matrices, respectively.

Note: the first term of ab, v̇d , acts as feedforward term for desired acceleration.
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Feedback Linearization by Dynamic Inversion: NED Frame

Consider full NED fram equations of motion for a marine vehicle

⌘̇ = J(⌘)v ,

Mv̇ = �C (v)v � D(v)v � g(⌘) + ⌧ .

Position and orientation trajectory tracking can be accomplished by commanding an

acceleration an (measured with respect to an Earth-fixed inertial reference frame) of

the form

⌘̈ = an

that linearizes the closed loop system. Taking time derivative of first term in vehicle

equations of motion gives

⌘̈ =
d [J(⌘)]

dt
v + J(⌘)v̇ .

Solving for v̇ gives

v̇ = J�1
(⌘)

⇢
⌘̈ � d [J(⌘)]

dt
v
�
.
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Feedback Linearization by Dynamic Inversion: NED Frame

Substituting v̇ into the equations of motion yields

MJ�1
(⌘)

⇢
⌘̈ � d [J(⌘)]

dt
v
�

= �C (v)v � D(v)v � g(⌘) + ⌧ .

If ⌧ selected as

⌧ = MJ�1
(⌘)

⇢
an �

d [J(⌘)]
dt

v
�
+ C (v)v + D(v)v + g(⌘)

closed loop system becomes

⌘̈ = an.
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Feedback Linearization by Dynamic Inversion: NED Frame

As above, a linear proportional integral derivative control law can now be designed as

an = ⌘̈d � Kp⌘̃ � K i

Z t

0
⌘̃(�)d� � Kd

˙̃⌘,

where � is used as an integration variable, ⌘d = ⌘d(t) is the desired position and

orientation of the vehicle, ⌘̃ := ⌘ � ⌘d is the pose error, and Kp > 0, K i > 0 and

Kd > 0 are diagonal proportional, integral and derivative gain matrices, respectively.

As above, the first term of an, ⌘̈d , functions as a feedforward term.

Note: transformation matrix J(⌘) must be nonsingular ) limits magnitude of pitch

angle to �⇡/2 < ✓ < ⇡/2.
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General Feedback Linearization

• Inverse dynamics is a special case of feedback linearization.

• Can seen inverse dynamics splits the controller into two parts:

a) an inner loop that exactly linearizes the nonlinear system, and

b) an outer loop, which can be designed using linear techniques according to tracking

or disturbance rejection performance requirements.

ÂTrajectory

Planner

Outer Loop

Controller�

+hd h̃ han

Outer Loop

Inner Loop

Controller

Marine

Vehicle

Linearized System

t

Inner Loop

Block diagram of a controller designed using feedback linearization.
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General Feedback Linearization

• More general process of feedback linearization works in same way, except the

outer-loop process of linearizing the nonlinear system may also involve a

transformation of the state variable into a new set of coordinates.

• Inverse dynamics can be su�cient for many problems involving the control of

marine vessels, the use of the more general form of feedback linearization may be

needed when solving marine vehicle control problems that must take actuator

dynamics or underactuation into account.
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Nonlinear Backstepping: Introduction

A recursive design procedure to construct feedback control laws and associated

Lyapunov functions — very widely used to control marine vehicles..

Pros:

• Systematic, flexible and can be applied in vector form to MIMO systems.

• Robustness: control designer can exploit “good” nonlinearities and suppress “bad”

nonlinearities.

• Basic form of backstepping gives PD-like controllers, but can be made PID-like

using integrator augmentation.

• Easy to combine with other control methods, e.g. optimal or adaptive control.

• Straightforward to handle actuator constraints.

• Backstepping controllers have globally bounded tracking errors.

Cons:

• Implementation often involves an explosion of complexity — di↵erentiation of the

plant model, which requires very large number of terms in control law.
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Nonlinear Backstepping: Introduction

Consider the dynamic equations of a marine vehicle in body-fixed coordinates

⌘̇ = J(⌘)v ,

Mv̇ = �C (v)v � D(v)v � g(⌘) + ⌧ + wd .

Note structure of equations:

• Equations are coupled with functions of state variables (i.e. J(⌘), C (v), and
D(v)) multiplied by state variable v .

• Coupling makes it hard to find a control input to stabilize the system around

desired equilibrium point.

• Backstepping provide a means of decoupling equations so they can be stabilized.

• For many marine vehicle control applications a vector form of backstepping must

be used.

To understand the basics, we start with a simple 2-state SISO system, before looking

at the vectorial MIMO form of backstepping.
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Nonlinear Backstepping: A simple 2-state SISO system

Consider the single-input single-output (SISO) system

ẋ1 = f1(x1) + g1(x1)x2,

ẋ2 = u,

y = x1,

where f1(x1) and g1(x1) are known functions. Assume g1(x1) 6= 0.

Control objective: design state feedback control input to track desired output yd(t).
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Nonlinear Backstepping: A simple 2-state SISO system

System is cascade connection of 2 components. First component has state x2 as

virtual control input; second component is an integrator with u as input. Since there

are 2 states, design is conducted recursively in 2 steps.

R
Â

Ru x2 ẋ1 x1+

+
g1(x1)

f1(x1)

Block diagram of 2-state SISO system.
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Nonlinear Backstepping: A simple 2-state SISO system

Suppose we can find a smooth stabilizing function ↵1(x1) that permits us to decouple

the system by driving x2 ! ↵1. To do this add and subtract g1(x1)↵1(x1) to the right

hand side of the first equation to get

ẋ1 = [f1(x1) + g1(x1)↵1(x1)] + g1(x1)[x2 � ↵1(x1)]

ẋ2 = u.

R
Â

Ru x2 ẋ1 x1

f1(x1)+g1(x1)a1(x1)

Â

a1(x1)

+

�

+

+
g1(x1)

Stabilizing function ↵1(x1) introduced to stabilize the x1 system at x1 = 0.
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Nonlinear Backstepping: A simple 2-state SISO system

Define the stabilization errors as

z1 := y � yd = x1 � yd

and

z2 := x2 � ↵1.

Then, in terms of the stabilizations errors, system of equations is

ż1 = ẋ1 � ẏd = [f1(x1) + g1(x1)↵1] + g1(x1)z2 � ẏd ,

ż2 = u � ↵̇1 = v .

When x2 ! ↵1, z2 ! 0, so ż1 = f1(x1) + g1(x1)↵1(x1)� ẏd can be stabilized

independently of z2.

Stabilizing function ↵1 found in first step of backstepping control design process.
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Nonlinear Backstepping: A simple 2-state SISO system

The new system similar to initial one, but when input of new system is v = 0, it can

be asymptotically stabilized to its origin (z1 = 0, z2 = 0).

R
Â

Ru ã2 ż1 ã1

f1(x1)+g1(x1)a1(x1)

Â

ȧ1(x1)

+

�

+

+

ż2 = v
Â

x1

�ẏd +yd

+

g1(x1)

Control input u selected to stabilize the x2 system.

In stabilizing x2 we step ↵1(x1) back through an integrator to compute v = u � ↵̇1 )
this is why control design technique is called integrator backstepping.
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Nonlinear Backstepping: A simple 2-state SISO system

Stabilizing function ↵1 and control input u determined using a suitable control

Lyapunov function (CLF) V (z1, z2, u).
If we can find a V > 0 that always decreases along trajectories of the system, e.g.

V̇ =
@V

@z1
ż1 +

@V

@z2
ż2 < 0 8z1, z2 6= 0,

we can conclude that the minimum of the function is a stable equilibrium point.

Try the CLF

V =
1

2
z
2
1 +

1

2
z
2
2 .

Taking its time derivative gives

V̇ = z1ż1 + z2ż2,

= z1 [f1(x1) + g1(x1)↵1 + g1(x1)z2 � ẏd ] + z2(u � ↵̇1).
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Nonlinear Backstepping: A simple 2-state SISO system

Moving the term z1g1(x1)z2 = z2g1(x1)z1 from the first expression to the second one

we have

V̇ = z1 [f1(x1) + g1(x1)↵1 � ẏd ] + z2[u � ↵̇1 + g1(x1)z1].

Step 1: Assuming g1(x1) 6= 0 select ↵1 as

↵1 =
1

g1(x1)
[�k1z1 + ẏd � f1(x1)] ,

where k1 > 0 gives

V̇ = �k1z
2
1 + z2[u � ↵̇1 + g1(x1)z1].

Since first term on r.h.s of equation < 0 for all z1 6= 0, z1 subsystem stabilized for our

choice of ↵1.
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Nonlinear Backstepping: A simple 2-state SISO system

Step 2: Next, select u to stabilize z2 system by making remaining terms negative

definite. Let

u = �k2z2 + ↵̇1 � g1(x1)z1

with k2 > 0, then

V̇ = �k1z
2
1 � k2z

2
2 < 0 8z1, z2 6= 0.

Since V̇ < 0 is negative definite 8z1, z2 6= 0, full system now stabilized. Further,

V̇  �2µV

where µ := min{k1, k2}. Let value of V at time t = 0 be V0, then

V  V0e
�2µt ,

where

V0 :=
1

2

⇥
z1(0)

2
+ z2(0)

2
⇤
.

Thus, both z1(t) and z2(t) decrease exponentially in time ) closed loop system is

globally exponentially stable.
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Nonlinear Backstepping: A simple 2-state SISO system

In terms of x1, x2 and yd(t), final control law is

u = �k2(x2 � ↵1) + ↵̇1 � g1(x1) [x1 � yd ] ,

where

↵1 = � 1

g1(x1)
[f1(x1) + k1(x1 � yd)� ẏd ] .

Note: Computation of u requires time derivative of ↵̇1.
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Nonlinear Backstepping: A simple 2-state SISO system

Two important implementation issues associated with computing ↵̇1.

a) The Explosion of Complexity: Computation involves taking time derivatives of

states and plant model, leads an explosion of complexity, where number of terms

in control input is very large. Generally, should avoid taking the time derivatives

of states directly, instead use original state equation when possible, e.g.

↵̇1 =
@↵1

@x1
ẋ1 =

@↵1

@x1
[f1(x1) + g1(x1)x2].

• Dynamic Surface Control Technique can be used to avoid this problem.

b) Computation of ↵̇1 requires ÿd . Thus, yd(t) must be smooth and continuous to

2
nd

order. In practice may need low pass filter yd(t) to ensure continuity and

smoothness of ẏd(t) and ÿd(t).
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Nonlinear Backstepping: 2-state SISO system Example

Vertical speed regulation of

buoyancy-driven automatic profiler.

Equation of motion are

ẋ1 = �⇢ACd

2m
x1|x1|+

g(⇢� ⇢f )

m
x2

ẋ2 = u

y = x1,

where x1 is ascent/descent rate, m is

mass/added mass, A is frontal area, Cd is

drag coe�cient, x2 is change in piston

volume, g is gravity, ⇢ is density seawater

and ⇢f is density of the oil.

Cyclesonde

Subsurface
Float

Shock
Absorber

Shock
Absorber

Antenna

Solar Panel
&

Transmitter

Weight

Buoyancy-controlled automatic profiler.
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Nonlinear Backstepping: 2-state SISO system Example

We have

f1(x1) = �⇢ACd

2m
x1|x1|, and g1(x1) =

g(⇢� ⇢f )

m
,

so that

↵1 = � m

g(⇢� ⇢f )


�⇢ACd

2m
x
2
1 sgn(x1) + k1(x1 � yd)� ẏd

�

and

↵̇1 =
@↵1

@x1
ẋ1 = � m

g(⇢� ⇢f )


�⇢ACd

m
|x1|+ k1

�
ẋ1,

Then the control input is

u = �k2(x2 � ↵1) + ↵̇1 �
g(⇢� ⇢f )

m
[x1 � yd ] .
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Nonlinear Backstepping: 2-state SISO system Example

Let control gains be k1 = 1 and k2 = 1. The physical characteristics of profiler and

other constants used are m = 4320 kg, A = 1 m
2
, Cd = 1.0, g = 9.81 m/s

2
,

⇢ = 1025.9 kg/m
3
and ⇢f = 850 kg/m

3
.
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Vertical ascent/descent rate x1 of buoyancy-driven profiler tracking yd(t).
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Backstepping for Trajectory Tracking Marine Vehicles

Recall equations of motion for a marine vehicle in body-fixed coordinates

⌘̇ = J(⌘)v

and

Mv̇ + C (v)v + D(v)v + g(⌘) = ⌧ .

Neglect actuator constraints and external disturbances.

Coordinate transformation matrix J(⌘) has singularities at pitch angles of ✓ = ±⇡/2,
so assume |✓| < ⇡/2.

Control objective: make system track a desired trajectory ⌘d(t), where ⌘d , ⌘
(3)
d , ⌘̈d ,

and ⌘̇d are assumed to be smooth and bounded.
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Backstepping for Trajectory Tracking Marine Vehicles

Let

⌘̃ := ⌘ � ⌘d , ⌘̃ 2 Rn

be the Earth-fixed tracking surface error and define the body-fixed velocity surface

error vector as

ṽ := v �↵1, ṽ 2 Rn

Writing the equations of motion in terms of the tracking errors gives

˙̃⌘ = J(⌘)v � ⌘̇d = J(⌘)ṽ + J(⌘)↵1 � ⌘̇d ,

M ˙̃v = �C (v)v � D(v)v � g(⌘) + ⌧ � M↵̇1.
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Backstepping for Trajectory Tracking Marine Vehicles

Consider the candidate Lyapunov function

V =
1

2
⌘̃T ⌘̃ +

1

2
ṽTMṽ .

Taking the time derivative gives

V̇ = ⌘̃T ˙̃⌘ + ṽTM ˙̃v ,

where it is assumed that M = MT > 0. Then,

V̇ = ⌘̃T
[Jṽ + J↵1 � ⌘̇d ] + ṽT

[�Cv � Dv � g + ⌧ � M↵̇1] ,

= ⌘̃T
[J↵1 � ⌘̇d ] + ṽT

⇥
JT ⌘̃ � Cv � Dv � g + ⌧ � M↵̇1

⇤
.
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Backstepping for Trajectory Tracking Marine Vehicles

The stabilizing function ↵1 and control input ⌧ can be selected so that

V̇ = �⌘̃TKp⌘̃ � ṽTKd ṽ < 0,

where Kp = KT
p > 0 2 Rn⇥n

and Kd = KT
d > 0 2 Rn⇥n

are positive definite matrices

of control gains. To accomplish this take

J↵1 � ⌘̇d = �Kp⌘̃

so that

↵1 := J�1
[�Kp⌘̃ + ⌘̇d ]

and

JT ⌘̃ � Cv � Dv � g + ⌧ � M↵̇1 = �Kd ṽ ,

which gives

⌧ := �Kd ṽ + M↵̇1 + Cv + Dv + g � JT ⌘̃.
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Backstepping for Trajectory Tracking Marine Vehicles

Then, the closed loop error dynamics are

˙̃⌘ = �Kp⌘̃ + Jṽ ,

M ˙̃v = �Kd ṽ � JT ⌘̃,

which has a stable equilibrium point at (⌘̃, ṽ) = (0, 0). Thus,

V̇  �⇤min(Kp)⌘̃
T ⌘̃ � ⇤min(Kd)ṽT ṽ ,

where ⇤min(K ) is the minimum eigenvalue of K . Since M = MT > 0 implies

ṽT ṽ  ṽTMṽ we have

V̇  �⇤min(Kp)⌘̃
T ⌘̃ � ⇤min(Kd)ṽTMṽ  �2µV ,

where µ = min{⇤min(Kp),⇤min(Kd)}. Let V0 be V at t = t0, then

V = V0e
�2µt .

Since V ! 1 if ⌘̃ ! 1 or ṽ ! 1 and exponentially decaying with a stable

equilibrium point at origin, closed loop system is globally exponentially stable.
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39100 Bolzano, Italia
Email: karl.vonellenrieder@unibz.it

MTS/IEEE Global OCEANS 2022: Chennai, India

21 February 2022

1 / 20



Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Adaptive Control

• Sliding Mode Control

2 / 20



Introduction: Overview of Tutorial

von Ellenrieder [2021]
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• Reproduce figures/graphics
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3 / 20

https://link.springer.com/book/10.1007/978-3-030-75021-3


Introduction: Background

Sarda et al. [2016]

Marine environments are

• Complex

• Unstructured

• Uncertain
• Disturbances, e.g. wind, waves and
currents are

• time varying
• unpredictable
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Introduction: Background

Dynamics of marine vehicles is usually highly nonlinear, and uncertain e.g.

Klinger et al. [2017]

• Wave-making (residuary) resistance of surface
vessels

• Trim and draft of surface vessels changes with
speed

• Hydrodynamics of main hull and actuators
characterized separately ! uncertainty when
combined

• Nonlinear hydrodynamic interactions between
actuators and main body of vehicle (e.g. vortex
shedding)

• Nonlinear hydrodynamic interactions between
sea surface/floor and vehicle

• Operation at o↵-design conditions
5 / 20
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Introduction: Background

Lastly, note that the control of most marine vehicles involves the simultaneous control
of multiple states at once, e.g. speed and heading. Such systems are known as
Multiple Input Multiple Output (MIMO) systems

Motivates use of control design approaches

• that are nonlinear

• Multiple Input Multiple Output

• that are robust to exogeneous disturbances and model uncertainty

• and for which the stability can be well-characterized
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Structure of Marine Guidance, Navigation and Control Systems

Guidance System Control System Plant

Navigation System

State Estimator

Reference Computing Algorithm

Controller

Control Allocation

Actuators

Vehicle

Sensors

WaypointGenerator

External Disturbances

Mission Objectives

Operator Input

Power Management

Weather Information

Tra�c Information

A typical Guidance, Navigation and Control System used for marine vehicles.
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Structure of Marine Guidance, Navigation and Control Systems

External Disturbances

Guidance System Control System Plant

Navigation System

State Estimator

Reference Computing Algorithm

Controller

Control Allocation

Actuators

Sensors

WaypointGenerator Vehicle⌃
+

+

Mission Objectives

Operator Input

Power Management

Weather Information

Tra�c Information

A typical Guidance, Navigation and Control System used for marine vehicles.
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Overview of Marine Vehicle Control

Automatic Control: the use of machines, rather than humans, as controllers

• plant — the controlled system, e.g. the hull/structure of a marine vehicle

• actuators — devices for creating forces, moments that move the plant, e.g.
propellers, waterjets, etc.

• control input — a signal sent to an actuator, which is turned into a
force/moment that acts on a plant

• system output — the response of a plant

• disturbances — unknown, forces or moments that act on a plant, e.g. from the
environment

• model uncertainty
• structural uncertainty — uncertainty about the functional form of a system model
• parametric uncertainty — functional form of a system model assumed to be correct,

but values of parameters in model are not well known
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Overview of Marine Vehicle Control

Basic functions required for a marine vehicle to operate in real-world:

1 Localization — determine position, orientation and velocity w.r.t. reference points
in environment

2 Control (low-level control) — use actuators to go from current state to a desired
state

3 Motion Planning (high-level control) — compute appropriate trajectories for
moving through environment

• Path Planning — computation of large-scale trajectories that satisfy constraints and
are optimal in some sense, can be done o✏ine

• Trajectory Planning — computation of short-range trajectories that that deviate
slightly from path but generally return to path in time; computing in real time for
obstacle avoidance, etc.
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Overview of Marine Vehicle Control

Controller Plant

InputReference

Value

Output

Open loop control system.

Output

Feedback

Sensor

Controller Plant

Input

Closed Loop Stabilization, drive output to
zero.
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Overview of Marine Vehicle Control

P

�
+

Reference

Value

Output

Feedback

Sensor

Controller
InputError

Measured

Output

Plant

Closed Loop Regulation — constant reference signal & Tracking — time varying reference
signal.
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Overview of Marine Vehicle Control

Dynamic System
u1(t)

u2(t)

y1(t)

y2(t)

System plant.

Input–output system has form

ẋ = f (x ,u), y = h(x ,u),

where x = {x1, . . . , xn} 2 Rn is the state,
u 2 Rp is the input and y 2 Rq is the
output. The smooth maps
f : Rn ⇥ Rp ! Rn and h : Rn ⇥ Rp ! Rq

represent the dynamics and feedback
measurements of the system.

Definition (State Variables)

A set of state variables (x1, x2, . . . , xn) is a set of variables for which knowledge of the
initial values of the state variables [x1(t0), x2(t0), . . . , xn(t0)] at the initial time t0, and
of the input signals u1(t) and u2(t) for t � t0, su�ces to determine the future values
of the outputs and state variables.
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Equations of Motion

Control design and stability analysis strongly depends on the dynamics of a system

a)

E

N

D

b)

xb

yb

zb

E, yn
N, xn

D, zn

p

c)

N, xn

E, yn

xb

yb

p

a) NED coordinate system referenced to an Earth–fixed, Earth–centered coordinate system.
b) Underwater vehicle referenced with respect to the NED coordinate system.
c) Surface vehicle referenced with respect to NED coordinate system.
Motion of surface vessels typically assumed to lie within plane of N–E axes.
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Equations of Motion

xb

yb

zb

E, yn
N, xn

D, zn

p

p =

2

4
xn
yn
zn

3

5 ,

⇥ =

2

4
�
✓
 

3

5 ,

Euler angles measure of
cumulative angular change over
time between the NED and
body-fixed coordinate systems.
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Equations of Motion

xb, u (surge), X

yb, v (sway), Y

zb, w (heave), Z

p, K

q, M

r, N

G
B

Body-fixed coordinate system with origin located at
center of gravity G of an Autonomous Underwater
Vehicle (AUV).

v =

2

4
u
v
w

3

5 ,

! =

2

4
p
q
r

3

5 =

2

4
�̇
✓̇
 ̇

3

5 .

f =

2

4
X
Y
Z

3

5 . m =

2

4
K
M
N

3

5 .
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Equations of Motion

Fossen’s robot-like model for equations of motion [Fossen, 2011]

⌘̇ = J(⌘)v

Mv̇ + C (v)v + D(v)v + g(⌘) = ⌧ + wd ,

where the first equation describes the kinematics of the vehicle (as above) and the
second equation represents its kinetics.

Mathematical properties of M , C (v) and D(v).

M = MT > 0 ) xTMx > 0, 8x 6= 0

C (v) = �CT (v) ) xTC (v)x = 0, 8x
D(v) > 0 ) 1

2x
T [D(v) + DT (v)]x > 0, 8x 6= 0
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Equations of Motion

Define new state vector

x :=

2

4
⌘

v

3

5 , ẋ =

2

4
J(⌘)v

�M�1 [C (v)v + D(v)v + g(⌘)]

3

5+

2

4
0n⇥n

M�1

3

5Bu.

Can be written variously as

ẋ = f (x) + GBu,

= f (x) + G⌧ ,

= f (x) +
rX

i=1

g i⌧i ,

where

f (x) =

2

4
J(⌘)v

�M�1 [C (v)v + D(v)v + g(⌘)]

3

5 ,

G (x) =

2

4
0

M�1

3

5 ,
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Equations of Motion

Forms are interchangeable

⌘̇ = J(⌘)v

Mv̇ + C (v)v + D(v)v + g(⌘) = ⌧ + wd , ,

ẋ = f (x) + GBu,

= f (x ,u)

Time Invariant and Time Varying Feedback Systems, Let x = x(t).

State Feedback Autonomous System (wd = 0) u = ↵(x) ẋ = f (x)
State Feedback, Time Varying System (wd(t) 6= 0) u = ↵(x) ẋ = f (x , t)
Time Varying Feedback (e.g. Adaptive Control) u = ↵(x , t) ẋ = f (x , t)

19 / 20



Bibliography I

T. I. Fossen. Handbook of marine craft hydrodynamics and motion control. John Wiley &
Sons, 2011.

W. B. Klinger, I. R. Bertaska, K. D. von Ellenrieder, and M. R. Dhanak. Control of an
unmanned surface vehicle with uncertain displacement and drag. IEEE Journal of Oceanic
Engineering, 42(2):458–476, 2017.

E. I. Sarda, H. Qu, I. R. Bertaska, and K. D. von Ellenrieder. Station-keeping control of an
unmanned surface vehicle exposed to current and wind disturbances. Ocean Engineering,
127:305–324, 2016.

K. D. von Ellenrieder. Control of marine vehicles. Springer, 2021.

20 / 20



Fundamentals of Marine Vehicle Control:

Sliding Mode Control

Karl D. von Ellenrieder

Field Robotics Lab South Tyrol
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Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles
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• Sliding Mode Control
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Background

Marine vehicle dynamics:

⌘̇ = R( )v ,

Mv̇ = �C (v)v � D(v)v + ⌧ + d ,

Control Challenges:

a) M , C , D and ⌧ uncertain.

b) d unknown/time-varying (but bounded).

c) Nonlinear ! exacerbates points a & b

N , xn

E, yn

xb

yb

U

�

 

�

course

N

Maneuvering coordinates.
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Background

Robust Control:

• Adaptive Control: control parameters adjust online to accommodate uncertainties.

• Disturbance Observer Based Control: include estimate d̂ in control signal to
cancel real d .

• Sliding mode control techniques.

Advantages of sliding mode control include:

• robustness to uncertain plant model parameters, unmodeled dynamics and
exogenous disturbances;

• finite-time convergence;

• reduced order dynamics (dynamical collapse).
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Linear Control

Consider e↵ects of uncertainty and external disturbance on linear control.

ẋ1 = x2,
ẋ2 = u + d(x1, x2, t),

(1)

where u is control input and d is bounded disturbance (L � |d |, L > 0).
Let u = �k1x1 � k2x2. When d = 0, closed loop system has state space form

ẋ =
d

dt


x1
x2

�
=


0 1

�k1 �k2

� 
x1
x2

�
= Ax .

CL system stable when A is Hurwitz (real part of all eigenvalues of A < 0).
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Linear Control

Eigenvalues of A are

�1,2 = �k2
2

± 1

2

q
k22 � 4k1.

For Re{A} < 0, we require k2 > 0 and k1 > k22/4.

a)
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

b)
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Phase portrait (k1 = 2, k2 = 1) for: a) d = 0 and b) d = 0.25 sin(1.5t).
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Lyapunov Functions

Lyapunov function V continuously di↵erentiable, non-negative, energy-like function
that always decreases along the solution trajectories. Minimum of V is an
asymptotically stable equilibrium point.

(a) V is a radially unbounded function of the state variables, i.e.

lim
|x1|!1,|x2|!1

V (x1, x2) ! 1,

and

(b) the time derivative of V is negative definite,

V̇ < 0, 8x1, x2 6= 0.
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Lyapunov Functions

Examine CL stability of (1) with linear control u = �k1x1 � k2x2 using

V =
1

2
x21 +

1

2
x22 .

Select control gains so V̇ < 0, 8x1, x2 6= 0. It can be shown that

V̇  �(k1 � 1)

2
x21 �


(k1 � 1) + 2k2 � 1

2

�
x22 +

1

2
d2,

 �µ1x21 � µ2x22 + Cd ,

where

Cd := sup
{x1,x2,t}

����
1

2
d2

���� .
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Lyapunov Functions

Let
µ := min {µ1, µ2} .

Then
V̇  �2µV + Cd .

which can be solved to show

V 
✓
V0 �

Cd

2µ

◆
e�2µt +

Cd

2µ
,

where V0 is the value of V at time t = 0.

As in phase portrait above, when d 6= 0, V = 1
2x

2
1 + 1

2x
2
2 ! Cd

2µ 6= 0.
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Sliding Mode Control

When d = 0, a stable linear controller would have the form

ẋ1 = �cx1, c > 0.

Since, x2 := ẋ1, then the general solution is

x1(t) = x1(0)e�ct ,

x2(t) = ẋ1(t) = �cx1(0)e�ct .

Note:

• Both x1(t) and x2(t) exponentially converge to zero.

• Ideally, d(x1, x2, t) 6= 0 will not a↵ect our desired solution.
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Sliding Mode Control

Can we “reverse engineer” closed loop dynamics to drive system to desired equilibrium?

Introduce a new variable
s = x2 + cx1, c > 0.

We seek a control input u that drives s ! 0 in finite time.

Time derivative of s brings control input into desired dynamics of CL system

ṡ = ẋ2 + cẋ1 = u + d(x1, x2, t) + cx2.

Now take

V =
1

2
s2.

To ensure CL system converges to equilibrium in finite time, we require V to satisfy

V̇  �↵V 1/2, ↵ > 0.

11 / 31



Sliding Mode Control

Integrating this inequality using separation of variables gives

V 1/2  �↵t
2

+ V 1/2
0 .

Thus V becomes zero in the finite time tr , which is bounded by

tr 
2V 1/2

0

↵
.

Di↵erentiating V allows us to find a control input u so that V̇  0,

V̇ = sṡ = s (cx2 + d(x1, x2, t) + u)

Take u = �cx2 + ⌫ to get

V̇ = s [d(x1, x2, t) + ⌫] = sd(x1, x2, t) + s⌫  |s|L+ s⌫.
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Sliding Mode Control

If we take ⌫ = �⇢sgn(s), ⇢ > 0, where

sgn(s) :=

⇢
+1, s > 0,
�1, s < 0

and sgn(0) 2 [�1, 1].

Noting that sgn(s)s = |s|, then

V̇  L|s|� ⇢sgn(s)s = (L� ⇢)|s|.

V̇ can also be written as
V̇  � ↵p

2
|s|.

Equating these inequalities, gives

(L� ⇢) = � ↵p
2

) ⇢ = L+
↵p
2
.

Then, the sliding mode control law is

u = �cx2 � ⇢sgn(s)
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Sliding Mode Control

Definition

The surface s = 0 (the straight line x2 + cx1 = 0 in 2 dimensions) is a sliding surface.

Definition

The equation

V̇ = sṡ  � ↵p
2
|s|,

is a reachability condition. When met, trajectory of CL system is driven towards
sliding surface and remains on it after reached.

Definition

A control law that drives the state variables to the sliding surface in finite time tr and
keeps them on the surface thereafter in the presence of a bounded disturbance is called
a sliding mode controller. An ideal sliding mode is taking place when t > tr .
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Sliding Mode Control: Example

Consider response of system (1) when control input is u = �cx2 � ⇢sgn(s)

Let c = 1.5, ⇢ = 2 and d(x1, x2, t) = 0.25 sin(1.5t) and initial conditions be x1(0) = 0,
x2(0) = 2.

Then

V0 =
1

2
(x2(0) + cx1(0))

2 = 2.

If we take L = 0.25,
↵ =

p
2(⇢� L) = 2.475

and the estimated reaching time is

tr 
2V 1/2

0

↵
=

2
p
2

2.475
= 1.143 secs.
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Sliding Mode Control: Example

a)
0 1tr 2 3 4 5

-2

-1

0

1

2

b)
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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-1.5

-1

-0.5

0

0.5

1

1.5

2

a) Time response and b) phase portrait of the system in (1) when the control input is taken to
be u = �cx2 � ⇢sgn(s) with c = 1.5, ⇢ = 2 and d(x1, x2, t) = 0.25 sin(1.5t) and initial
conditions x1(0) = 0, x2(0) = 2.
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Sliding Mode Control: Example

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

Phase portrait of the sliding mode controller with c = 1.5 and ⇢ = 2 and disturbance
d = 0.25 sin(1.5t).
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Sliding Mode Control: Example

But there’s a catch...

chattering

a) b)

a) Zig-zag motion of solution trajectory across sliding surface s = 0 during chattering.
b) Chattering of control input when using the sliding mode controller. Inset shows control
signal rapidly switching.
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Sliding Mode Control: Example

But there’s a catch...chattering

a)

� > 0

� < 0

� = 0
sliding surface

b)
0 1 tr 2 3

-5

-4

-3

-2

-1

0

1

2

3

4

5

1.085 1.0875 1.09
-1.5

0

1.5

a) Zig-zag motion of solution trajectory across sliding surface s = 0 during chattering.
b) Chattering of control input when using the sliding mode controller. Inset shows control
signal rapidly switching.
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Equivalent Control

When t � tr trajectory of CL system on sliding surface s = x2 + cx1 = 0.

Once on sliding surface, trajectory remains there ) s = ṡ = 0.

Examine condition ṡ = 0 more closely

ṡ = cx2 + d(x1, x2, t) + u = 0, s(t � tr ) = 0.

Condition would be satisfied by an “equivalent control” input of form

ueq = �cx2 � d(x1, x2, t)

Not possible to implement ueq in practice — d(x1, x2, t) represents exogenous
disturbances and model uncertainty, which we do not know.
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Equivalent Control

However, our sliding mode control law u = �cx2 � ⇢sgn(s) works!

Comparing u and ueq suggests average e↵ect of high frequency switching in sliding
mode control law produces a control like ueq.

Approximate ueq using low pass filtered version of sliding mode control law:

ûeq = �cx2 � ⇢LPF [sgn(s)] , t � tr .

Implement low pass filter as 1st order di↵erential equation

ûeq = �cx2 � ⇢z ,

⌧ ż = �z + sgn(s),

⌧ 2 [0, 1) is filter time constant (small as possible, but larger than sampling time).

LPF [sgn(s)] disturbance observer for combined disturbance & model uncertainty
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Summary: Standard Sliding Mode Control

1) Two main tasks in conventional sliding mode control design:
a) Design 1st order sliding surface s = 0.
b) Design control u to drive sliding variable s ! 0 using sliding variable dynamics.

2) Application of sliding mode control law gives CL dynamics

ẋ1 = x2,
ẋ2 = �cx2 � ⇢sgn(s) + d(x1, x2, t).

In sliding mode (t � tr ), CL system driven by equivalent dynamics, s.t.

ẋ1 = x2,
ẋ2 = �cx2 � d(x1, x2, t)| {z }

ueq

+d(x1, x2, t) = �cx2 = �cẋ1 )
⇢

ẋ1 = x2,
x2 = �cx1.

In sliding mode, dynamics of system 1st order, but original system 2nd order )
partial dynamical collapse

3) In sliding mode CL dynamics do not depend on d(x1, x2, t). But, upper limit of d
accounted for when selecting controller gain.

4) Discontinuous sgn(s) term in u causes undesireable chattering.
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Stabilization vs. Tracking

So far, we examined control input designed to drive the system to a fixed equilibrium
point ) stabilization problem.

Many important marine applications require a control law to track desired “moving
equilibrium point”, i.e. a desired trajectory yd ) tracking problem.

Relative Degree of System — number of times r output must be di↵erentiated
before the control input u explicitly appears

• When order of system n is same, i.e. when n = r , no internal dynamics (e.g.
dynamics which cannot be directly controlled using the control input u).

• When r < n, additional analysis necessary to ensure internal dynamics are stable.
For example, let y = x1 in

ẋ1 = x2,
ẋ2 = u + d(x1, x2, t).

Since ÿ = ẍ1 = ẋ2 = u + d(x1, x2, t) relative degree of system is r = n = 2 (no internal
dynamics).
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Super-Twisting Sliding Mode Control

Sliding mode control very nice features, but chattering a show stopper in real systems.

Can we modify the basic sliding mode control to produce a continuous control signal?

Modify definition of sliding variable to solve an output tracking problem )
e := (y � yd), then

s = ė + ce, c > 0.

We seek a control input that drives s ! 0 in finite time and keeps it there, s.t.

ṡ = ë + cė,

= ÿd � ÿ + cẏd � cẏ ,

= ÿd + cẏd � cẏ � d(x1, x2, t)| {z }
�(y ,ẏ ,t)

�u = 0,

where �(y , ẏ , t) is a cumulative disturbance term, upperbounded by a positive
constant M, e.g. |�(y , ẏ , t)|  M.
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Super-Twisting Sliding Mode Control

When �(y , ẏ , t) = 0 the control input

u = c |s|1/2sgn(s), c > 0

makes compensated dynamics in the sliding mode become

ṡ = �c |s|1/2sgn(s), s(0) = s0.

This can be integrated to get

|s|1/2 � |s0|1/2 = �c

2
t.

Taking s = 0, we find that the corresponding reaching time would be given by

tr �
2

c
|s0|1/2.

Unfortunately, when �(y , ẏ , t) 6= 0, these relations no longer hold ) can add another
term to the controller to cancel the e↵ects of cumulative disturbance?

24 / 31



Super-Twisting Sliding Mode Control

Here, we can apply our experience with equivalent control.

Assuming time derivative of cumulative error upper bounded, i.e. �̇(y , ẏ , t)  C , can
modify controller above to get,

u = c |s|1/2sgn(s) + w , c = 1.5
p
C

ẇ = bsgn(s), b = 1.1C

This makes compensated s-dynamics become

ṡ = �(y , ẏ , t)� c |s|1/2sgn(s)� w ,

ẇ = bsgn(s).

w acts like an equivalent control term — produces a low pass filtered estimate of
�(y , ẏ , t).

When w converges to �(y , ẏ , t), remaining c |s|1/2sgn(s) term in u can drive s ! 0 in
finite time.
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Summary: Super-Twisting Sliding Mode Control

1) Super-twisting control u continuous: c |s|1/2sgn(s) and w =
R
bsgn(s)dt are

continous — high frequency switching in sgn(s) term smoothed by integral.
2) w and augmented system ẇ = bsgn(s) mandatory for canceling �(y , ẏ , t).
3) Once �(y , ẏ , t) cancelled, super-twisting controller uses nonlinear sliding manifold

ṡ = �c |s|1/2sgn(s) to drive ṡ ! 0 and s ! 0 in finite time — conventional
sliding mode control uses linear sliding surface to drive only s ! 0 in finite time.

-2 -1 0 1 2
-2

-1

0

1

2

The super-twisting sliding surface given by ṡ = �1.5|s|1/2sgn(s). 26 / 31



Summary: Super-Twisting Sliding Mode Control

4) Let x̃1 := e and x̃2 := ė, then s = x̃2 + cx̃1.

ṡ ! 0 in finite time implies s ! 0 in finite time, so compensated dynamics in
sliding mode are

x̃2 = �cx̃1

ṡ = 0.

Complete dynamical collapse achieved in sliding mode — 2nd order
uncompensated dynamics of original system reduced to the algebraic equations
x̃2 = x̃1 = 0 in finite time.

Guarantees control input eliminates any inner loop dynamics or parasitic dynamics.
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Super-Twisting Sliding Mode Control: Example

Consider the vertical tracking control of an unmanned aerial vehicle (UAV) lifting a
small 5 N payload

mẍ = �mg � Cd ẋ |ẋ |+ u + d ,

x1 = x is UAV position, x2 = ẋ is speed, g = 9.81 m/s2 is gravitational acceleration, u
is thrust and d = �5 N is a disturbance (payload weight).

Let ẏd = U = 1 m/s, so that yd = Ut m for Cd = 0.5 kg/m and m = 2 kg.

Estimate cumulative error bounds as C = 20, s.t. b = 1.1C and c = 5
p
(C ).
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Super-Twisting Sliding Mode Control: Example

a)
0 2 4 6 8
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20

25

30

35

Super-twisting controller: a) Tracking errors, b) control input.
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Super-Twisting Sliding Mode Control: Example

a)
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Super-twisting controller: a) s, ṡ vs. time, b) Disturbance error estimate.
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Summary

So we have covered the fundamentals principles of

• Marine Control Systems & Stability Analysis

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Control of Underactuated Vehicles

• Adaptive Control

• Sliding Mode Control

in a very short period of time.

Thank You!!

We hope that you enjoyed the tutorial and have found it informative and useful!
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39100 Bolzano, Italia
Email: karl.vonellenrieder@unibz.it

MTS/IEEE Global OCEANS 2022: Chennai, India

21 February 2022

1 / 20



Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Adaptive Control

• Sliding Mode Control
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Basic Stability: Introduction

• Before a control system for a marine vehicle is widely implemented in practice,
must characterize its stability over a range of conditions

• Dynamics of marine vehicles generally very nonlinear
• Familiar linear analysis tools can’t be easily applied
• Nonlinear Lyapunov stability methods often used — can show stability of a closed

loop system, even when no equilibrium point exists (disturbances)
• Often one doesn’t need an exact solution to the equations of motion, only an

understanding of its properties, e.g. boundedness, asymptotic behavior
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Basic Stability: 1D Flow along a line

Consider the one dimensional autonomous system ẋ = f (x), where x = x(t).

x

ẋ = f(x)

f(0) = 0

ẋ < 0ẋ > 0

x

ẋ = f(x)

f(0) = 0

ẋ > 0ẋ < 0

Stable Unstable

x position of particle
ẋ speed of particle
ẋ = 0 equilibrium point
ẋ < 0 particle moves left
ẋ > 0 particle moves right

Stable: particles move towards
equilibrium point from both sides
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Basic Stability: 1D Flow along a line

Example: speed control of a surface vessel

T cu|u|

u

de

Equation of motion
mu̇ = �cu|u|+ T + de

Equilibrium u̇ = 0

Open Loop Control:
Let de = 0 and T = cu0|u0|
Then, u̇ = 0 when u = u0

What if de 6= 0 and drag coe�cient is uncertain, i.e. our estimate is o↵, e.g. c + �c?
Then, with d := �cu0|u0|+ de

mu̇ = �cu|u|+ (c + �c)u0|u0|+ de ,
= �cu|u|+ cu0|u0|+ d .
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Basic Stability: 1D Flow along a line

Example: speed control of a surface vessel

0 0.5 1 1.5
-0.5

0

0.5

1

Now, the new equilibrium speed is

lim
t!1

u = uss =
q

u20 + d/c .

Open loop: No way to mitigate
speed error with disturbance and
model uncertainty!
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Basic Stability: 1D Flow along a line

Example: speed control of a surface vessel

Now, use feedback. Let

T = (c + �c)u0|u0|� kp(u � u0),

mu̇ = �cu|u|+ (c + �c)u0|u0|� kp(u � u0) + de ,

Then, after linearizing about
u = u0

mu̇ ⇡ �(kp + 2cu0)(u � u0) + d .

0 0.5 1 1.5
-0.5

0

0.5

1 Now, new equilibrium speed is

limt!1 u = uss

= u0 +
d

kp + 2cu0

Closed loop: can mitigate speed
error with disturbance and model
uncertainty using kp � 1.
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Basic Stability: 2D Phase Portrait

Example: pitch control of an AUV

(Iy �Mq̇)✓̈ = (Iy �Mq̇)q̇ = �U2 sin ✓ cos ✓(Zẇ � Xu̇)� kp✓ � kd ✓̇.

xb

zb

✓

U

T
- /2 0 /2 3 /2
-

- /2

0

/2

q

Uncontrolled, kp = 0, kd = 0.
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Basic Stability: 2D Phase Portrait

Example: pitch control of an AUV

(Iy �Mq̇)✓̈ = (Iy �Mq̇)q̇ = �U2 sin ✓ cos ✓(Zẇ � Xu̇)� kp✓ � kd ✓̇.

xb

zb

✓

U

T
- /2 0 /2 3 /2
-

- /2

0

/2

q

Controlled, kp > 0, kd > 0.
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Basic Stability: Stability Analysis

• Controlled marine systems generally represented with ordinary di↵erential equations
• Not interested in solving the equations, only in understanding behavior of the
solutions, e.g. boundedness, . . .

Generally, nonlinear stability theory consists of three main components:

1 definitions of the di↵erent kinds of stability, which provide insight into the
behavior of a closed loop system;

2 the di↵erent conditions that a closed loop system must satisfy in order to possess
a certain type of stability; and

3 criteria that enable one to check whether or not the required conditions hold,
without having to explicitly compute the solution of the di↵erential

equations describing the time evolution of the closed loop system.

The conditions and criteria required to establish the various types of stability are often
presented in the form of mathematical theorems.
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Basic Stability: Stability Analysis

Consider a system of the form
ẋ = f (x ,u), x 2 Rn,u 2 Rp

y = h(x), y 2 Rq,

where f is a locally Lipschitz continuous function.

Definition (Lipschitz Continuous)

A function f (x) is defined to be Lipschitz continuous if for some constant c > 0,

kf (x2)� f (x1)k < ckx2 � x1k, 8 x1, x2,

where k • k denotes the 2-norm (Euclidean norm) of a vector. A su�cient condition for
a function to be Lipshitz continuous is that its Jacobian

A =
@f
@x

is uniformly bounded for all x .
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Basic Stability: Stability Analysis

Consider the system ẋ = f (x ,u)

Definition (Stable)

Let ✏ > � > 0, xe is a stable equilibrium point, if for
a given initial condition x0 = x(t0), where
kx0 � xek < �, the solution trajectories x(t) of the
system remain in the region ✏ for all t > t0, i.e.
such that kx(t)� xek < ✏, 8t > t0. We also say
the system is stable in the sense of Lyapunov.

Definition (Unstable)

The equilibrium point xe is unstable, if it is not
stable.

e

d

xe

x0
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Basic Stability: Stability Analysis

In practice, simple stability is not enough, we want to know

• more about the nature of the stability

• and under what initial conditions a system is stable.

Definition (Asymptotically Stable)

A system is asymptotically stable if, 1) it is stable and 2) the solution trajectories of
the state x converge to xe for initial conditions su�ciently close to xe , i.e. a � can be
chosen so that

kx0 � xek < � ) lim
t!1

kx(t)� xek = 0.
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Basic Stability: Stability Analysis

Definition (Exponentially Stable)

An equilibrium point xe is exponentially stable if there exist positive constants �, k
and � such that all solutions with kx0 � xek  � satisfy the inequality

kx(t)� xek  kkx0 � xeke��t , 8t � t0.

The constant � is often referred to as the convergence rate.

Asymptotic and exponential stability are local concepts. Convergence guaranteed if x0
is within a radius � (basin of attraction) of xe . If not, x(t) may not converge, it could
even diverge!
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Basic Stability: Stability Analysis

Definition (Globally Attractive)

Generally, the asymptotic stability and exponential stability of an equilibrium point are
local properties of a system. However, when the region of attraction of an equilibrium
point includes the entire space of Rn, i.e. � ! 1, the equilibrium point is globally
attractive.

Definition (Globally Asymptotically Stable)

An equilibrium point xe is globally asymptotically stable (GAS), if it is stable and the
state converges to xe for any initial state x0.

Definition (Globally Exponentially Stable)

An equilibrium point xe is globally exponentially stable (GES), if it is stable and the
state converges exponentially fast to xe for any initial state x0.
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Basic Stability: Stability Analysis

So how do we use these definitions?

The most common approach is to find a controller that will make the closed loop
system Lyapunov stable and to use the definitions to characterize the resulting stability.

How do we do that?

Basic idea:

• Lyapunov noticed that if the total energy of a system is continuously dissipated,
the system tends towards an equilibrium.

• If we can identify an energy-like scalar function V (x) for our system and show
that a controller makes it decreases in time, we have shown that the closed loop
controlled system is stable.

16 / 20



Basic Stability: Stability Analysis

Lyapunov’s Second (Direct) Method

Let (x � xe) := x̃ 2 Rn and consider the nonlinear time-invariant system

˙̃x = f (x̃),

with a local equilibrium point xe , such that f (x̃ = 0) = 0.
For time-invariant systems V (x̃) is an implicit function of time t, such that

dV

dt
= V̇ (x̃) =

@V

@x̃
f (x̃).

Theorem (Lyapunov Stability)

Suppose there exists a continuous function V : Rn ! R where V (x̃) > 0 for all
x 6= xe and V̇ is negative semidefinite for all x , i.e. V̇ (x̃)  0, then the system is
stable. If V̇ is negative definite, i.e. V̇ (x̃) < 0 for all x 6= xe , then the system is
asymptotically stable. If, in the latter case, V (x̃) ! 1 for x̃ ! 1, then it is GAS.
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Basic Stability: Stability Analysis

Example: speed control of a surface vessel

T cu|u|

u

de

Take de = 0. Equation of motion
is mu̇ = �cu|u|+ T

Say we want to track speed ud(t).

Let ũ := u � ud , then
m ˙̃u = �cu|u|+ T �mu̇d

Consider the Lyapunov function

V =
1

2
ũ2

Then

V̇ = ũ ˙̃u = ũ

✓
� c

m
u|u|+ T

m
� u̇d

◆

What if we pick control input T = cu|u|+mu̇d � kumũ?
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Basic Stability: Stability Analysis

Example: speed control of a surface vessel

T cu|u|

u

de

Then we have

V̇ = �kuũ
2.

So, overall we have

V > 0, V̇ < 0, 8ũ 6= 0,

and
lim
ũ!1

V ! 1,

so system is GAS.
However, we can also see that we have a stronger type of stability because

V̇ = �kuũ
2 = �2kuV

so that V = V0e�2kut , where V0 is V at time t = t0.

Then, kũk =
p
2V0e�kut , so that system is GES to ũ = 0.
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Basic Stability: Stability Analysis

Other important Lyapunov-based stability analysis methods for nonlinear systems (see
lecture notes):

• Invariant Set Theorem: when you can only find a CLF with V̇  0, but still
need to characterize stability of a closed loop system.

• Use of Comparison Functions: to analyze time-varying nonlinear systems.
• Input to state stability: when you need to show that system is stable to
bounded disturbances.

• Ultimate Boundedness: an equilibrium point does not exist and you need to
show that solution trajectories remain within a bounded region of state space.

• Practical Stability: When a system has actuator constraints and operates in the
presence of disturbances, it does not approach an equilibrium point. Practical
stability permits one to characterize the size of the region of the state space the
solutions trajectories converge to, based on the magnitudes of the control gains.

• Barbalat’s Lemma: Often used to analyze stability of adaptive systems, which
generally have V̇  0.
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Introduction: Overview of Tutorial

Basic concepts of:

• Introduction

• Basic Stability

• Control of Underactuated Vehicles

• Feedback Linearization by Dynamic Inversion & Nonlinear Backstepping

• Adaptive Control

• Sliding Mode Control
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Control of Underactuated Vehicles

Basic Ideas:

• Important to distinguish between underactuated vehicles and fully-actuated
vehicles.

• Underactuated systems cannot be arbitrarily moved from some initial pose to
some final pose because

• they cannot generate control forces/moments along every degree of freedom
(missing actuators), or

• because actuator magnitude constraints, or rate limits, restrict their ability to
accelerate in a certain direction.

• Generally easier to control a fully-actuated vehicle, because underactuation limits
the control objectives that can be satisfied.

• Most marine vehicles are underactuated, as full-actuation is often impractical,
because of cost, weight or energy consumption.
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Control of Underactuated Vehicles

Basic Ideas:

• In trajectory tracking control a marine vehicle must track a desired, time varying
pose ⌘d(t).

• A fully-actuated vehicle without actuator constraints can track any arbitrary
time-dependent trajectory.

• Even if a vehicle possesses actuators that can produce forces in any desired
direction, if the forces required to maintain speed or acceleration required to catch
up to and track a rapidly varying pose exceed the capabilities of the actuators, the
vehicle is underactuated.

Here, we explore use of vehicle kinematics and dynamics to generate a dynamically
feasible trajectory, which can then be tracked using a standard control approach.

Strategy: when possible, better to incorporate natural open loop dynamics of an
underactuated system into control design, rather than trying to overcome them,
because doing so requires fewer actuators and lower control e↵ort.
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Basic Concepts in Control of Underactuated Vehicles

Definition (Configuration Space)

The n-dimensional configuration space is the set of all configurations, i.e all possible
positions and orientations, a vehicle can have, possibly subject to external constraints.

Definition (Degrees of Freedom – DOF)

A marine vehicle is said to have n degrees of freedom if its configuration can be
minimally specified by n parameters. A marine vehicle that freely moves in three
dimensions has six DOF: three translational DOF (linear displacements) and three
rotational DOF (angular displacements).

Definition (Number of Independent Control Inputs)

The number of independent control inputs r is the number of independently controlled
directions in which a vehicle’s actuators can generate forces/moments.
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Basic Concepts in Control of Underactuated Vehicles

Definition (Underactuated Marine Vehicles)

A marine vehicle is underactuated if it has fewer control inputs than generalized
coordinates (r < n).

Definition (Fully Actuated Marine Vehicles)

A marine vehicle is fully actuated if the number of control inputs is equal to, or greater
than, the number of generalized coordinates (r � n).

Definition (Workspace)

An underactuated vehicle can only produce independent control forces in r < n
directions. When designing a controller, it makes sense to explore whether or not a
space of fewer dimensions m < n might exist in which the vehicle can be suitably
controlled. The workspace is a reduced space of dimension m < n in which the control
objective is defined Fossen [2011].
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Basic Concepts in Control of Underactuated Vehicles

Basic Ideas:

• Underactuated vehicles have more states in their configuration space n than
independent control inputs r .

• Some vehicle states are uncontrollable (unreachable).

• While it is possible to design a controller for an underactuated marine vehicle
when its workspace is fully-actuated m = r , one must ensure zero dynamics of
closed loop system are stable when dimension of configuration space is reduced to
that of workspace.

• Uncontrolled equations of motion appear as k constraints that must have
bounded solutions to prevent system from becoming unstable.
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Motion Constraints

Basic Ideas:

• Constraints can arise from both input and state limitations.

• Examples of dynamic constraints include missing actuators, but could also be
caused by magnitude or rate limitations of the actuators present.

• Constraints can also arise because of a physical barrier in the environment, e.g. a
ship is generally constrained to move along the free surface of the water.

Constraints that depend on both vehicle state and inputs can be expressed as

h(⌘,u, t) � 0.

Often constraints are separated into those that depend only on input (e.g. actuator
constraints, also called input constraints) h(u) � 0 and those that depend on vehicle
pose h(⌘) � 0, which are known as state constraints.
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Motion Constraints

Since ⌘ is an n-dimensional vector, if k geometric constraints exist,

hi (⌘) � 0, i = 1, . . . , k

the possible motions of vehicle are restricted to an (n � k)-dimensional submanifold
(space) ) state constraints reduce dimensionality of system’s available state space.

When constraints have the form

hi (⌘) = 0, i = 1, . . . , k < n,

they are known as holonomic constraints.
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Motion Constraints

System constraints that depend on both pose and its first time derivative are first order
constraints

hi (⌘, ⌘̇) = 0, i = 1, . . . , k < n,

and are also called kinematic constraints, or velocity constraints.
First order kinematic constraints limit possible motions of a vehicle by restricting the
set of velocities ⌘̇ that can be obtained in a given configuration. These constraints are
usually encountered in the form

AT (⌘)⌘̇ = 0.

Holonomic constraints of this form imply kinematic constraints of the form

rh · ⌘̇ = 0.

But, the converse is not true. Kinematic constraints cannot always be integrated.
When this is true, the constraints (and system) are nonholonomic.
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Motion Constraints

In many underactuated systems, including (especially) marine vehicles, nonholonomic
constraints usually of second order and involve the acceleration of system. They can
be represented in the form

hi (⌘, ⌘̇, ⌘̈) = 0, i = 1, . . . , k < n.

Nonholonomic constraints limit mobility of systems di↵erently than holonomic
constraints:
• Nonholonomic constraints do not reduce the number of possible configurations of

the system, only how each configuration can be reached.
• Nonholonomic constraints confine velocity or acceleration to an m = (n � k)

dimensional subspace (the workspace), but the entire n dimensional configuration
space of the system can still be reached.

• Holonomic constraints reduce the number of degrees of freedom of a system by
one ) motion of a holonomic system with k constraints is constrained to an
(n � k) dimensional subset of full n dimensional configuration space De Luca and
Oriolo [1995].
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Dynamics of underactuated surface vessels

In three DOF, the kinematic equations reduce to

⌘̇ = R( )v ,

where  is the heading angle of the vehicle, R( ) is the transformation matrix from
the body-fixed system to the a North-East-Down (NED) inertial coordinate system,
which is given by

R( ) :=

2

4
cos � sin 0
sin cos 0
0 0 1

3

5 2 SO(3),

and

⌘ :=

2

4
xn
yn
 

3

5 2 R2 ⇥ S, and v :=

2

4
u
v
r

3

5 2 R3

are the position and orientation (pose) vector and velocity vector (in body-fixed
coordinates), respectively.
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Dynamics of underactuated surface vessels

Consider the kinetic equation of motion

Mv̇ + C (v)v + D(v)v = ⌧ ,

where

M :=

2

4
m � Xu̇ 0 0

0 m � Yv̇ �Yṙ

0 �Nv̇ Iz � Nṙ

3

5

=

2

664

m11 0 0

0 m22 m23

0 m32 m33

3

775 .


xn

yn

�

y,r

N,xn

E,yn

xb,u

yb,v

3 DOF maneuvering coordinate system
definitions.
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Dynamics of underactuated surface vessels

C (v) :=

2

6666664

0 0 �m22v � (m23 +m32)

2
r

0 0 m11u

m22v +
(m23 +m32)

2
r �m11u 0

3

7777775
,

Dnl(v) := �

2

4
Xu|u||u| 0 0

0 Yv |v ||v |+ Yv |r ||r | Yr |v ||v |+ Yr |r ||r |
0 Nv |v ||v |+ Nv |r ||r | Nr |v ||v |+ Nr |r ||r |

3

5 ,

and D l := �

2

4
Xu 0 0
0 Yv Yr

0 Nv Nr

3

5 .
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Dynamics of underactuated surface vessels

Let the total drag D(v)v , which the sum of the nonlinear drag Dnl(v)v and the linear
drag D lv , be represented as

D(v)v = [Dnl(v) + D l ] v =

2

4
dx
dy
d 

3

5 .

Then, expanding terms, the equations of motion can be rewritten component-wise as

m11u̇ �m22vr �
✓
m23 +m32

2

◆
r2 + dx = ⌧x ,

m22v̇ +m23ṙ +m11ur + dy = 0,

m32v̇ +m33ṙ + (m22 �m11)uv +

✓
m23 +m32

2

◆
ur + d = ⌧ .
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Dynamics of underactuated surface vessels

These equations can be rearranged to write separate expressions for the accelerations
u̇, v̇ and ṙ , to get

u̇ = fx +
⌧x
m11

,

v̇ = fy + ay
⌧ 
m33

,

ṙ = f + a 
⌧ 
m33

,

where fx , fy and f are functions of the velocities (u, v and r), and

a =
m22m33

m22m33 �m23m32
and ay = �m23

m22
a .

The sway and yaw acceleration terms are coupled through the added mass term m23.
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Dynamics of underactuated surface vessels

Let x := [xn yn  u v r ]T . The combined kinematic and dynamic equations can be
written as

ẋ =

2

66666666666664

u cos � v sin 

u sin + v cos 

r

fx

fy

f 

3

77777777777775

+

2

66666666666664

0

0

0

1

m11

0

0

3

77777777777775

⌧x +

2

666666666666664

0

0

0

0

ay
m33

a 
m33

3

777777777777775

⌧ ,

which has the control a�ne form

ẋ = f (x) + Gu.
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Computing dynamically feasible trjactories

Given a set of xd(t), yd(t) positions that we would like to follow, we can determine the
corresponding values of  (t) that are dynamically feasible (i.e. that satisfy the
acceleration constraints) [Ashrafiuon et al., 2017].

The approach has the following main steps:

1) Use the kinematic equations of motion to determine the corresponding sway
acceleration v̇d(t).

2) The kinetic equations of motion for sway and yaw are coupled by the m23 added
mass term. We use this coupling to find a virtual control input relating ṙ to v̇d .
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Computing dynamically feasible trjactories

The velocity of the vessel in the body-fixed frame can be related to its velocity in the
inertial (NED) frame, as

v = R�1( )⌘̇ = RT ( )⌘̇.

Then, the sway speed v is related to the velocities in the NED frame as

v = �ẋn sin + ẏn cos .

Let (xd(t), yd(t)) be a su�ciently smooth trajectory in the NED reference frame.
Then, vd(t) is

vd(t) = �ẋd sin + ẏd cos .

Taking the time derivative of this gives the desired sway acceleration

v̇d(t) = �ẍd sin � ẋd r cos + ÿd cos � ẏd r sin .
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Computing dynamically feasible trjactories

Next we find the relationship between ṙ and v̇d . By solving for ⌧ in our expression for
ṙ we rewrite the equation for v̇ as

v̇ = fy +
ay
a 

[ṙ � f ] .

To find the virtual control input ṙd that gives the heading angle required for a
dynamically feasible trajectory, define the sway acceleration error as ˙̃v := v̇ � v̇d .
Then, we have

˙̃v = fy +
ay
a 

[ṙ � f ]� v̇d ,

so that the virtual control input ṙd that makes ˙̃v = 0 is given by

ṙd =
a 
ay

[v̇d � fy ] + f .
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Computing dynamically feasible trjactories

Thus, given (xd(t), yd(t)) one can specify the dynamically feasible time-dependent
pose ⌘d(t) = [xd yd  d ]T using the associated sway acceleration v̇d(t) and
integrating twice to obtain the desired heading angle  d(t), subject to initial
conditions  d(t = t0) and  ̇d(t = t0).

Given a dynamically feasible trajectory, we can also determine a set of feedforward
control inputs ⌧x and ⌧ that generate the desired motion, using the equations we
developed for u̇ and ṙ .

We start by computing ud in the NED frame, as

ud = ẋd cos + ẏd sin .

The desired surge acceleration is then

u̇d = ẍd cos � ẋd r sin + ÿd sin + ẏd r cos .
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Computing dynamically feasible trjactories

Replacing u̇ with u̇d in our equation for surge acceleration and solving for ⌧x gives

⌧x = m11 (u̇d � fx) .

Similarly, replacing ṙ with ṙd in equation for yaw acceleration and solving for ⌧ gives

⌧ =
m33

a 
(ṙd � f ) .

These control inputs produce desired dynamically feasible trajectory in absence of
disturbances.

A separate feedback controller can be used to ensure system is robust to disturbances
and modeling uncertainties.
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Computing dynamically feasible trjactories: Example

Construct dynamically feasible trajectories
for a USV with

M =

2

4
189.0 0.0 0.0
0.0 1036.4 �543.5
0.0 �543.5 2411.1

3

5 .

Then, ay and a are

ay = 0.595 and a = 1.134.

Assume linear drag with coe�cients

D =

2

4
50.0 0.0 0.0
0.0 948.2 385.4
0.0 385.4 1926.9

3

5 .

N

E

xb, u

yb, v

 , r

N

[x y]T

rp

rsT p

T s

G

23 / 27



Computing dynamically feasible trjactories: Example

Vehicle follows circular trajectory radius R = 10 m in clockwise direction, starting from
(x0, y0) = (0, 0) at t0 = 0 and finishing at same point (xf , yf ) = (0, 0) at tf = 50 secs,
where (x , y) coordinates specified in meters.
Center of circle located at point (xc , yc) = (0, 10).
The trajectory is given by

xd(t) = R sin(!d t),

yd(t) = R[1� cos(!d t)],

where !d = 2⇡/tf .
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Computing dynamically feasible trjactories: Example
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a) trajectory and b) desired heading angle.
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Computing dynamically feasible trjactories: Example

a)
0 10 20 30 40 50
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Case c: a) desired body-fixed velocities and b) control inputs.

After small initial transient, desired yaw rate is constant rd = !d .

To maintain turn, vehicle has small vd and ⌧ throughout the trajectory.
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